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Course Name: Control System – II 

Course Code: EE 603 

Contact: 3L: 0T: 0P 

Total Contact Hours: 36 

Credit: 3 

 

Prerequisites: Any introductory course on Matrix Algebra, Calculus, Engineering Mechanics. 

 

Course Outcome: 

CO1: Interpreting state-variable equations for different systems. 

CO2: Express and solve system equations in state-variable form (state variable models). 

CO3: Examine the stability of nonlinear systems using appropriate methods. 

CO4: Analyze and design of discrete time control systems using z transform. 

 

Course Content 

 

MODULE – I:  State Variable Model of Continuous Dynamic Systems [13L] 

Converting higher order linear differential equations into state variable form. Obtaining SV 

model from transfer functions. Obtaining characteristic equation and transfer functions from SV 

model. Obtaining SV equations directly for R-L-C and spring-mass-dashpot systems. Concept 

and properties associated with state equations. Linear Transformations on state variables. 

Canonical forms of SV equations. Companion forms. Solutions of state equations, state transition 

matrix, properties of state transition matrix. Controllability and observability. Linear State 

variable feedback controller, the pole allocation problems. Linear system design by state variable 

feedback. 

 

MODULE – II: Analysis of Discrete Time (Sampled Data) Systems Using Z-

Transform          [10L] 

Difference Equations. Inverse Z transform. Stability and damping in z-domain. Practical sampled 

data systems and computer control. Practical and theoretical samplers. Sampling as Impulse 

modulation. Sampled spectra and aliasing. Anti-aliasing filters. Zero order hold. Approximation 

of discrete (Z domain) controllers with ZOH by Tustin transform and other methods. State 

variable analysis of sampled data system. Digital compensator design using frequency response. 

 

MODULE – III: Introduction to Non-Linear Systems    [13L] 

Block diagram and state variable representations. Characteristics of common nonlinearities. 

Phase plane analysis of linear and non-linear second order systems. Methods of obtaining phase 

plane trajectories by graphical method – isoclines method. Qualitative analysis of simple control 

systems by phase plane methods. Describing Function method. Limit cycles in non-linear 

systems. Prediction of limit cycles using describing function. Stability concepts for nonlinear 

systems. BIBO vs. State stability. Lyapunov’s definition. Asymptotic stability, Global 

asymptotic stability. The first and second methods of Lyapunov methods to analyze nonlinear 

systems. 

 

 



 
 

Text Books: 

1. Gopal M : Digital Control and State Variable Methods, 2e, – TMH 

2. Roy Choudhuri, D., Control System Engineering, PHI 

3. Nagrath I J & Gopal M : Control Systems Engg. - New Age International 

4. Anand,D.K, Zmood, R.B., Introduction to Control Systems 3e, (Butterworth-

Heinemann), AsianBooks 

 

 

Reference Books: 

1. Goodwin, Control System Design, Pearson Education 

2. Bandyopadhyaya, Control Engg.Theory and Practice, PHI 

3. Kuo B.C. : Digital Control System, Oxford University Press. 

4. Houpis, C.H, Digital Control Systems, McGraw Hill International. 

5. Ogata, K., Discrete Time Control Systems, Prentice Hall, 1995 

6. Jury E.I. : Sampled Data Control System- John Wiley & Sons Inc. 

7. Umez-Eronini, Eronini., System Dynamics and Control, Thomson 

8. Dorf R.C. & Bishop R H. Modern Control System- Pearson Education. 

9. Ramakalyan, Control Engineering, Vikas 

10. Natarajan A/Reddy, Control Systems Engg., Scitech 

11. Lyshevski, Control System Theory with Engineering Applications, Jaico 

12. Gibson J E : Nonlinear Control System - McGraw Hill Book Co. 

 

CO-PO-PSO Mapping: 

 

COs POs PSOs 

 
1 2 3 4 5 6 7 8 9 10 11 12 1 2 3 

CO1 3 3 1 1 - 2 - - 2 2 2 3 2 1 1 

CO2 3 2 2 1 2 3 - - 2 1 2 3 2 2 1 

CO3 3 3 1 3 2 3 - - 2 1 2 3 2 2 1 

CO4 3 2 1 3 - 3 - - - 1 1 3 3 2 2 

Avg 3 2.5 
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juo) plst .Hene e bsU is always staue. 

Prob 
e 
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Iwestizati the Stabilily o6 a velay Conbela åhotenN 

. ARso find dukw natw o the imil yele 
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RC6) 
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Lyapunov Stalsilily Analysis 
o a aivem Conkaol ^y8lo, stability is usualthe mist 

tmpotamk thing to be dertninn. Teoserabing funtin-
for tho doteemination ob Stalbilil is oi 

aPproaet 

approxi mate . 

mutho dh Lyapumay ( uehieh is also Cal 

Direet method Luaany is the mêst genetal mthod 

for deturmining the Stability db Nonineau dna/on 
m vang 6}6oms .It avoids the neeiy db Solying 

State eguation 

Stabizty ih Bmc db pna 

sy the olleweny se shaldnote asAerucal aegiov 
adisk alsou an equlibsiu state Xe as, 

x- XeSK 

Ccehore x-xel is eall Euclidav momm On& is enel 

Syim 
The t we Consider Kee 

Lehwe x is a 3tate ve eton (n damintianal) 

6x,t) is an n-&mantonal, veekoy tshoS elomerks 

ora furnetuons a, x3 n Ond. 

e assum that the byálm has unique 80lutio 

Starting at tha jvev �niial Cendiuonv. e skall dent 

tsxo,to) 
heta X = Xo at t to anlt iSthe obeT vel nl 

Thes, CtXo, to) = Xo 



Cquui brum Stae 
nte ystum 6 egtuati on a sta xe Kere 

5Cxe.t)-o f atl t 

iS ealld an equliium St atr o6 the ystm. For a non u near 

Syst thou exist infinit ly many equm. Stale Any iSolala k 

equm tat can he 6hil t.a toke othete egion ob 1he Co dia neH 

O6Cot)=o, by thonslation co ovdi nate 

Auuto nomous Frec stm 

An unhopecl Cu o) anlt ma invaxPnl Aysbm 15 Collsd 

an auton.cm.ous 1stim 

Local Stalbii ly an& Glcbal Stalikily 

The lintat artonomous systim Áae only one equm sta 

an theu behavow alboR the equm. Stat Complioly 

&tv mints the qualitative behaviow n te enkire sHäte 

Spate 

non- leneae 6stm, bsbm hehaviowr fer Smalt 

Aaviakier alsout thu equm . po
nk may be di k6erant foem 

+hat fom karge dubialiors. Theruboe, slabilily ina Small 

70gicn ntart tha cqum pot nk t.e. lecal 5tals lty does net 

Cmpiy hs Stalbiliy tntte orerralt 3late space d nd te 

Luoo Contspt ShosA Cenbidtrad Seperately 

For Non- untar auianomaus Systir, local taloilily ma 

pvestigntel thtmgb lintarizolh on in the neeghbouxhod 

the equ. potnt. This ean be done b Lyopunov 45t ethok 

TRES Stabilily dolut ma naluC 4 appitoksle ony in smot 

egic near thi equm. pornk and se6RLs in Atabil i e 

Small 
1+hee is One equm. paint and Halailit is cnsidete A in 

eni 6o ntini te radius, thor is oalle aoh tniii ty 

Tis Stolihy datutmi natiCr is alA appireal, le a (r 

egion atcundthe Equm poTnt ans vesits in Stabid. ty in 
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STablity in th Stnee db Lyapuna 

o'th followeng e hal onste a spAuieal aio db 

nadius k aloouk the equm. Slate Xe a 

IX-Xell K 
Le 1x- xell is ealleEuellsanv non ars is dtbnadbj 

x-Xell Cx44e)'+ (7a-g).... (xn - Xpe) 
SCo) conbists ab all poirts bueh thal, 

X-Xel <8 
an ut, SCe) conki sts all poinls áuch thal, 

Xo, to)- xell <E fo all tzto 

A A Cq, State o Xe te byslem ob eq s Aaid to 

be talke cn The KLnee 06 Lyapuno, cfondspondarg t 

eae SCE) , thure is a S (E) Such that tajeetori es 

Starting i Sc) 8o nat ave SCE as t 
neteases 

inhinitl s(E) 
S c8) 

AA equm. Sáate Xe a atonomos byitBm is sai& 

to be asymptoticolly stale t 

Ot is btalslo in the sence db Lyapunoy ond 

evey Solukion Sladang w
thin SCS) Comverges urttheut 

Laving sE) to Xe ast 
ncteasts indisKniety 

SCE) 

s(8) 
e 

1 asjmplotie &talbility helds fonm all statts call poinds inv 

Stats Spaee) trom whie tajectories cniginalis, the equm. 
Stade is said to be asjpto ticaly stalle in largo. i.e. te 

equm. State Xe d6 tha stm 15 said to be osymptotieally 
Stable i le if it is slable anl ?f exey Soltionw 



corwergc6 to Xe ast inewasis ndehini nly. Obviouwsly 

neesaruy Condiion fo asympie ktolsiliy in large is ha 

The be Onky one equm Stati innthe whoe slake Spaee 

4A equm, State Xe is Said to be ungtable fon [ome na 

Eo,no mattu houw bmall,thee is aluvays a Sta Xe in 

S(8) Sue that the hajecko Startung at hiS State Xeaves s(E) 

/ SCE) 
Sc8) 

Sig De4inite nuss 
APositive dekinita ne sh sealsu funetion - A kcalar funebe 

VCx)is Said to be +ve dekinite în a regi0 (ohic inelulss 

the onig Ob the tade bpac) vX)>o fon all nenAero Stoas X 

in the egiov A and Vco) = o 

Negative Aekinctuness dh ealar function A ealarr funtkiov 

VCx) is ve dihinite f -VOX) is +ve lben te. 

posituve Semi debinitenes h Scaw fnelonnA Scalat fuunceon- 

VCX) issaid to be +ve Somi dutonite is +ve {or all State 

1the yegiom 2 exeapt alThe rgiv and at eottaun otheU 

Statss ,uehwe it is TUtO . 

Negative Sumi-dekiniunk ab Scalar funckeon- A Ácalar funed 
VCx) i5 sai to be - ve Smi - dehenite i -V(x) is +Ve Semi-dshinete 

lnlinitanes d scalaru funetion- A Ácalau funeuo VCX) s 

said to be inlukenétt if in The vegion 2 it assumis botfy +ve 

and-ve valus , no mattur Aous imall the regiov 2 15. 

Here we asum x tobe a tuoo daminiomal yeekom [x 1T 

he the sgn deheni ttnis he folotoerg Scalarr tunetion ivill 

be as tollouos 

VCx) - (x + 2 P2)> - ve dahnit 

ve 
Ssmi dehe nete 

YC » - ( +)2 -ve Sem dehe ni tr 



5vesten'S Citeu onv- 
The+ve dbinile ness d +h quadralt fonm VC) Com 

e &tit mine b Sylvestn' toon, hich stalus has 

hieessany an Sut4ieome conditionms thal th 7uadralie, 

omm vCx) he ve dehint 
enYCX)= xT px an all 1AA SueeoS painuipal 

nes o veal, bymmilaie madrix P be +ve 

VCX) xTPx 
Pi PP2 

Ix 2 *]Pa Pa2 Pa 

Pam Pan Pan|7 

t iSve enite t a 
Po 
P Ph20 
Pi2 Pa2 

w - 
atPo ,2.34 

Prob Shoe Kat to follouo ng quadratie foom is +ve dbaute 

YoD 104% 2 +2%* -2a-4*3 

o vedxPx [ 2 ] 
4 

-2-1 

Appgna 5vestors eiuion oe obtain 
10 2 

10 1 
1070 

2 - 

39 

Sinco -ho ueeoive ppenecpal mins o6 the 

nalrik P ora +ve, VC) Sve ds4aite 
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o: checkthw debeniunes bta tolleo
ng Scalar unto Phob 

Cx)-?+ 3 -11 2g+2* a - 4%3-23 

+3-2 

-11|*3! 

APPMng yvestu's euteruo 

1<0 

410-1 (-33-4) (-11 -2) 12+3) 
31 

1d 

1 +3 2 
-2 -11 

ha quadstatio fom is - ve duhe nute. 



CmA Mtthod , Lyopun( 1ypnmw's Dire cP Hallsy 

em clasien to o mechies , nda 1ln 

aVbatoy Aystm is slalui if s totnb tntn (a t 

dbinitt 4netion is contihiosy deankirg Cvohics 

a ns at h ime liya tive A, 1h tortal entnj1 mual k 

-ve dinit)untill on equm. 
sat i6 vCaehas 

The 9 muthad 6 Lyapun os 15 bod. on a nalalin 

His 4art tat tf the sy6tim Aas an asymprletucoly 

Stable Cqum. Siat ha te starel entngy 6 Ta 3a 

displa erd ithin K Amn sb atta achion deeays ot 

ncEkir1 lime untiltt 6inaliy assumes ts mínimur 

vakut at he Cqum. SHalu. Fon puly 
mathumalical Sysbn 

hnoever there is no sinplt Loay to dubine ar ng 
d 

function". dn odu to avois his dikhenlty yapanev 

intodues e so CalleA Lyaptunau functiom, a bicuuious 

entsgy funetian 
Lpnov funekio pands o .2 

ankt 

e dins thomv as v(X12 t) do simply b Y(z,1) 

16 Lyapunev funetion koes not encluke t expliciu, orv 

Aendu thtm v( 

I 2 mthol dh Lyapuno ha sig behaviowt ó V(x.u 

ork at ob its time Rvúvative v cx,t) vzA) es u 

into matiow as to the Aabilityasymptotie stabi 

intaslily h an equm. Stade uoth.out eq rs to 

5olve Aiectly fa tthe Solution 

Basic Properties b Lynpunag Funetion 

Lyapunov furehin is a funeio 6 Slate 

nust be a scalar, + ve krbnite and Contundn 

Aunetion i.e. at kast 1t uEYaive db bme an state 

nust exisls. 

Time lertvative v 6tmetionv 2neust be. ve be e ( 

Stm&ahi nite) 



gapnou's MaL Hability Theorem 

Theor m1) 

Suppo that a bstt is leserdbeR b 

x 6 (x,t) 
J 

ebrte 6 co,t)=o fo all tzto 

thee exists a seala kunet on v(x, t)hV 

Cntu nuous , 15t patial lvuvatives andsatötgr9 TAL 

ollouw na2 Condi tions 

V (xt) is +ve lkinet 

v (x, t) ls -ve A4in2. 

N he equm. Stati at he ogin i§ Cunutrly 
hen 
6ptotzenly stable 

If,in akLitim. 

NCXt) > o 
te ogin is unitoamly asy mptoticaly Slalle iv latgc 

Theoa ev -

Suppes that a 5áimtS deseu be 

6 ,4) 
hr 6 Co,t )= o for alA 17to 

there ex iSts a Scalau tuneton VCX,t)hartng 

Continious, 13t partial douvatives and Balish ying the 

follwtng Conliuoms. 

VCa,t) is +e &itinite 
Cx,+) is'-ve Bemidesniu 

Y ( t Xo. to), t). Aoes Tst yanish idontieatty in 

to fa any to and an Ao 70, shee. ¢t o, to) 

nos the hajeckoy so lnlion Jtandng hroa o at t 

T hw equm. state aL he oigi bthe systw is 

nutoomly asymptoticaty staluls in lag 



-ve binit, b anl -ve, Smi Ni \i,l 

h tge ctov a presentatie point be eome 

t nt o some potiealar wrto c NC,1) 
C 

ooe , Since c¢C4 :Xo1o) , t) Aes nát voni1 

ntieally in tz to fo on lo n ar) 70, 

The pesendaTve pain cannót remai at hi forq', 

pain andthou4one moe 

fVCx,1) is +ve lk'niu bcala {unetion ard 

CX,t) idinticalty Xeno, thov k osm can 

mai a lnit cycla 

Pob Censid Hha bstw eseu be& 

igin (7°0,z o) isthe equ. 34ate. Detumine 

tts taoitil hd 

Enra3 SAl 1 se rbine a sealav une tiov CLyapunov Enraa 

funetion) NC 

shich is +ve se4ënie. 

2ay- 2 (+)i2- 2? c*2 ) 
-2 ( o 

This is ve 4inite. 



shnos Mal v(x) is Candmi dukly nAA,nut 

cloej Hnee v() 4unetim aliniegtno 

SInli y 4ume Arh 

So 1he equm. 5intu at 1 o d1 yr 

s po'talt rall Sinlsle in the ange 

Phob Consiln he foluaung rám 

Detutmine e lelbility 
dbta 

Stat. 

14 e bin a ealan tunetionv CLypunev E rz 

Funchion) Y(X) ba 
N= ve iniu 

a a - 2 a- a3 

2 
Lohieh is -ve Ae mi Arbënte 

Cx) s to vanik 
Ccondition 8 d6Tkeo è2k) 

intically 
fott 

,hen Xa must be ere fe a 

1t TAes eqwres that 2 o o tt: 

Sinte -

so. must also be Zero ott ThiS means Rat 

v)vanist 
idinticalty nly 

at orGin 
enee A 

Cquwm. 5 tatt at +he onigi is aspptoiealiy
3ta & 

tn the lage. Ciktmm 2) 



Using LyaptnD's Dirett method Detmine whih 

Aontial eq uation 

[k* x2 (6Z ] 
+za)=o 

ka LK, >o xa >o T is Stale on Nst. 

Th ven Sysu 

Lat cherse +t Seatar foneti as a pessbie 
yapnu funeticr 

te. ve 47nit CX)- 

22 [k: 2 ¥2 ] 

So vo) is -ve Semidubinu. 

Tis haus that v(xis condinionsty áneruaing alon 
n nye ttort 

and Vx)-s o as Ix1- 

ar2 So 525 timo es asgmiolucaly s+alsls in large 



Paob Dnmine the sStabliy db tha folletry syst 

8 

KE = M2 

k PE 

K*1 - B *a 

At a 
nstant,the total energy 

Vcvu Syitim 

Consist s the 
kinetue ena 

d6-the movng mass and 

the polential 
eningy 

storel i 1i Sp 

Thuus, YCADO 

Thus v Cx) is +ve 
destnite. 

TRs 
V(xD&s - ve 

ats al potnds exeept dhe 

NCx) <0 

1f v) is to 
anish 

üdintiealy feo t ti ,thon Vo 

must be Zuro {o al t 7ti Thes deq euires that = 0 

inea, -k4 -8a So must also be, zUno t*a t>t 

This means 
tha NA) yami sh 
leykicaly Only at onaav. 

Hene the equm. State at the on ai is asymfetotueallw Stale 

in larcC 



Laapuno Stalility analyn s lintar timt- izvauenk

SSU CDizeet mthod _ Lyapunev fa lkntar Sz6tam) 

Cnidr a linsav 6ysEm x AX 

Lhre x is a +ate veetom ( åtmintiona) andA an 

Tx Pcnstant matatx, asSumk that Ais nen singilar, 

The 1he oniy equm. Statt is -t 3n :o 

TRL StalbELky d ttt equm, $iate a line ar tume 

Crvarnt systm can be Envestgathá eas by s o 

gn mithok Lyapune. 
Lt ws ChooSE a possible Lynpanee unttion a4, 

NCx)- x Px 

hr P is a+ve kinE Hecmiti Matbrix 

Vx CTPx) (xpi 

CAx) Px + TPAx 

TAT Px + T PA 

T(AP PA) 

Stnte VCx) oas 
chosw 

to be +ve da benite 

y qtre for asyTrpiotucnlfy 
S-tabl +hat Ý) be 

-ve 
drbinit .heruhere

ae equie that 

Cx) be 

x Gx 

uh -CAT P+ PA) ve binite , 

Hentt fe» astmpiotie stalilily 86 *he szstem ,it 

66ussiciint tat be +ve berut 

AT P PA -a 

AT P PA -1 1is t-titymattix 

ark tt matri P is tstA fove d1bi ni n 



Pro conidut a gm ordur systom deseribeA l 

o 

etermin ha Stability a is Stat 

e us asume a tenlalive lyapanov funetuonv 

VO) xTPx 

Lehene P is to leltminel hov. o 

TP+ PA = -I 

P-P 
, 

-Pa -Pa2 1. 
P-Pr2 Pa-Pra 

-Rio 
- P2 Pa- Po2 

-2P12 PiI-Pg-Pa 2 
lo 

Pu-P2-Pa2 2CPh2-Poa)] 

-2 P2-1 

2 CP2-Po2) = -1 

Pho-P2 

agcctedoc Pa2 1 

PP1- Pa2 = 0 

P 1 
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P Pi 1: 1 P2 z Pa2 

Accodtng to Sylvesuc's Ctuttriow 

P34 >o, 

Pi-647o. P12 P2 

Pis +ve dehenite . Henee the equ State a ha 

gin 6 Asmptotacally Stakole in lorge 

> +ve debenet 

C3 ) +C +22) 

C3 +2) z + C +22)-9-2D 

3 +. -2-2 2- 2? 

- (2 +0g2) -ve debenite. 

cet-e 
as 

Sothe 8yste is asymptocally 
Staule iv large 

Pob. Dtumin the asjmpbtie talit b lneau Sstem 

vev equation 

S 

Nuo ATP + PA -I 

7[ Pu 
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exponkinghis mabi x , oe obtain, 

2 P 2 Pia = - 1 
- 2 P-5 Ra t O 

4 Pia -8 Pa2 -t 

P 

Po Pa 

Clearly, Pis +ve &ubeni e, Hence tAa 
equstate 

at tk 

g is asymptotieally 

stabe a large. 


