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Guru Nanak Institute of Technology

Online Courseware-UG Program

Applied Science & Humanities Department

(Section: Mechanical Engineering)

2" Year-1% Semester (Electrical Engineering)

Paper Name: Engineering Mechanics

Paper Code: EE(ME)301
Contact hours/week: 3L:0T:0T
Credit: 3; Total Lecture: 36
Full Marks = 100 (30 for Continuous Evaluation; 70 for End Semester Exam)

Prerequisite: Basic Concept of Physics

Course Qutcomes: After successful completion of the course, student will be able to

CO1. To understand representation of force, moments for drawing free-body diagrams and
analyze friction-based systems in static condition

CO2. To locate the centroid of an area and calculate the moment of inertia of a section.

CO3. Apply of conservation of momentum & energy principle for particle dynamics and
rigid body kinetics

CO4. Understand and apply the concept of virtual work, rigid body dynamics and systems
under vibration.

Syllabus:

Module 1:  Introduction to Engineering Mechanics 8L
Force Systems Basic concepts, Particle equilibrium in 2-D & 3-D; Rigid Body equilibrium; System of
Forces, Coplanar Concurrent Forces, Components in Space — Resultant- Moment of Forces and its
Application; Couples and Resultant of Force System, Equilibrium of System of Forces, Free body
diagrams, Equations of Equilibrium of Coplanar Systems and Spatial Systems; Vector Mechanics- dot
product, cross product, Problems

Module 2:  Friction 4L
Types of friction, Limiting friction, Laws of Friction, Static and Dynamic Friction; Motion of Bodies,
wedge friction, screw jack & differential screw jack, Problems.

Module 3:  Basic Structural Analysis 4L
Equilibrium in three dimensions; Method of Sections; Method of Joints; How to determine if a
member is in tension or compression; Simple Trusses; Zero force members; Beams & types of beams;
Frames & Machines, Problems.
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R21 B.TECH. EE

Module 4:  Centroid and Centre of Gravity 4L
Distributed Force: Centroid and Centre of Gravity; Centroids of a triangle, circular sector,
quadrilateral, etc., Centroid of simple figures from first principle, centroid of composite sections;
Centre of Gravity and its implications, Problems.

Module 5:  Moment of Inertia 4L
Area moment of inertia- Definition, Moment of inertia of plane sections from first principles,
Theorems of moment of inertia, Moment of inertia of standard sections and composite sections; Mass
moment inertia of circular plate, Cylinder, Cone, Sphere, Hook, Problems.

Module 6:  Virtual Work and Energy Method 3L
Virtual displacements, principle of virtual work for particle and ideal system of rigid bodies, degreesof
freedom. Active force diagram, systems with friction, mechanical efficiency. Conservative forcesand
potential energy (elastic and gravitational), energy equation for equilibrium. Applications of energy
method for equilibrium. Stability of equilibrium, Problems.

Module 7:  Review of particle dynamics 5L
rectilinear motion; Plane curvilinear motion (rectangular, path, and polar coordinates). 3-D curvilinear
motion; Relative and constrained motion; Newton’s 2nd law (rectangular, path, and polarcoordinates).
Work-kinetic energy, power, potential energy. Impulse-momentum (linear, angular); Impact (Direct
and obligque), Problems

Module 8:  Introduction to Kinetics of Rigid Bodies 4L
Basic terms, general principles in dynamics; Types of motion, Instantaneous center of rotation in
plane motion and simple problems; D’Alembert’s principle and its applications in plane motion and
connected bodies; Work energy principle and its application in plane motion of connected bodies;
Kinetics of rigid body rotation, Problems.

Text Books:
1. Irving H. Shames (2006), Engineering Mechanics, 4th Edition, Prentice Hall
2. F.P.Beerand E. R. Johnston (2011), Vector Mechanics for Engineers, Vol | - Statics, Vol
I1, — Dynamics, 9th Ed, Tata McGraw Hill
3. R.C. Hibbler (2006), Engineering Mechanics: Principles of Statics and Dynamics, Pearson
Press.
4.  Andy Ruina and Rudra Pratap (2011), Introduction to Statics and Dynamics, Oxford
University Press
Shanes and Rao (2006), Engineering Mechanics, Pearson Education,
6.  Hiblerand Gupta (2010), Engineering Mechanics (Statics, Dynamics) by Pearson Education

o1

Reference Books:
1.  Reddy Vijaykumar K. and K. Suresh Kumar (2010), Singer’s Engineering Mechanics
2. Bansal R. K. (2010), A Text Book of Engineering Mechanics, Laxmi Publications
3. Khurmi R.S. (2010), Engineering Mechanics, S. Chand & Co.
4.  Tayal AK. (2010), Engineering Mechanics, Umesh Publications
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Lesson plan
Date | Module No | Lecture Topic Method of Reference
No Teaching Book
1 1 Force Systems Basic concepts, Demonstration | 1.
Particle equilibrium in 2-D & 3- Engineering
D; Rigid Body equilibrium Mechanics
2 System of Forces, Coplanar Demonstration (VOITI &1y -
Concurrent Forces, Components Meriam &
in Space — Resultant Kraig, 5th ed.
- . Wiley India
3 Moment of Forces and its Demonstration
Application i 2.Engineering
4 Couples and Resultant of Force Demonstration | pechanics by
System, Equilibrium of System of Nag. Pati &
Forces Jan%
> Free body diagrams Case Study McGraw-Hill
: p— Education
6 Equations of Equilibrium of Case Study | b\t | g
Coplanar Systems (N e'W Délhi)
7 Spatial Systems Demonstration
. 3.
8 Vector Mechanics- dot product, Demonstration Engineering
cross product, Problems Mechanics:
2 9 Types of friction, Limiting Demonstration | Statics &
friction, Static and Dynamic Dynamics by
Friction I. H. Shames,
10 Laws of Friction, Motion of Demonstration | 4th ed. PHI
Bodies
11 - Case Study 4.
Wedge.frlctlon . | Engineering
12 Screw jack & differential screw Demonstration | Mechanics by
jack _ Timoshenko,
3 13 Equilibrium in three dimensions; Demonstration | young and
Method of Sections Rao. revised
14 Method of Joints; How to Case Study 4th ed. TMH
determine if a member isin
tension or compression; 5
15 Simple Trusses; Zero force Demonstration | £pqineeri
members; Beams & types of Englnee_r Ing
beams Mechanics by
16 Frames & Machines, Problems. Case Study Basudeb
B _ - Bhattacharyy
4 17 Distributed Force: Centroid and Demonstration | 4
Centre of Gravity; Centroids of a _ Oxford
triangle, circular sector, Unversity

quadrilateral, etc.
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18

Centroid of simple figures from
first principle

Case Study

19

centroid of composite sections

Demonstration

20

Centre of Gravity and its
implications, Problems

Demonstration

21

Area moment of inertia
Definition, Moment of inertia of
plane sections from first
principles

Demonstration

22

Theorems of moment of inertia,

23

Moment of inertia of standard
sections and composite sections;

Case Study

24

Mass moment inertia of circular
plate, Cylinder, Cone, Sphere,
Hook

Case Study

25

Virtual displacements, principle
of virtual work for particle and
ideal system of rigid bodies,
Degrees of freedom. Active force
diagram, systems with friction,
mechanical efficiency.

Demonstration

26

Conservative forces and potential
energy (elastic and gravitational),
energy equation for equilibrium

Demonstration

27

Applications of energy method for
equilibrium, Stability of
equilibrium, Problems.

Case Study

28

Rectilinear motion; Plane
curvilinear motion (rectangular,
path)

Demonstration

29

Plane curvilinear motion (polar
coordinates). 3-D curvilinear
motion;

Case Study

30

Relative and constrained motion;
Newton’s 2" law (rectangular,
path, and polar coordinates).

Case Study

31

Work-kinetic energy, power,
potential energy.Impulse-
momentum (linear, angular);

Demonstration

32

Impact (Direct and oblique).

Case Study

33

Basic terms, general principles in
dynamics; Types of motion,
Instantaneous center of rotation in
plane motion and simple problems

Demonstration

34

D’Alembert’s principle and its
applications in plane motion and
connected bodies;

Demonstration

35

Work energy principle and its
application in plane motion of
connected bodies

Case Study

Press

6.
Engineering
Mechanics:
Statics &
Dynamics by
Hibbeler &
Gupta

7. Vector
Mechanics
for
engineers:
Statics &
Dynamics by
Beer &
Johnston 6th
ed. McGraw-
Hill

8. Elements
of strength of
Materials by
Timoshenko
& Young, 5th
ed. EW.P
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36 Kinetics of rigid body rotation, Demonstration
Problems

CO-PO Mapping:

COs | PO1 | PO2 | PO3 | PO4 | PO5 | PO6 | PO7 | PO8 | PO9 | PO10 | PO11 | PO12
CO1 3 3 2 2 - - - - 1 - - -
COo2 3 3 2 2 - - - - 1 - - 2
COo3 3 2 3 2 1 - - - 1 - - 2
CO4 3 3 3 3 - - - - 1 - 2 -
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ENGINEERING MECHANICS

Module -1
Lecture 1

BASIC CONCEPTS

Importance of mechanics in engineering:

Engineering Mechanics is the one of the most basic subjects that is required to study mechanical
engineering. The subject will expose you to concepts like friction, kinetics, kinematics, resolving
forces, trusses etc. All these concepts are required to study subjects like Strength of Materials, Theory
of Machines I, 11, Machine Design, Mechanical Vibration etc. Basically every subject in Mechanical
Engineering will use these concepts of engineering mechanics ranging from production technology to
design sciences to thermal sciences. There is not a single topic in the engineering world which is out of
syllabus for a mechanical engineer.

Without mechanics, you can’t design an engine, not even a car, if you have to design a car, which can run
at a speed of 140 km/hr on an expressway. In order to do this, you have to find engine power and the
forces acting on the car body. Forces will come due to wind resistance, rolling resistance and inertia etc.

You won't be able to survive in an industry where you have to prove that you are worth it.

Introduction:-
Mechanics is the combination of physic and mathematics concerned with the behavior of bodies that are

acted upon by forces deals with the state of rest or the state of motion.

Engineering Mechanics

Fluid Mechanics Solid Mechanics

1

Statics  Dynamics Mechanics of Mechanics of

| rigid bodies deformable bodies
Kinematics Kinetics ’—I—‘

Strength of  Theory of I'heory of
Materials Elasticity Plasticity

Statics Dynamics

—

Ideal Fluids Viscous ~ Compressible Kinematics Kinetics
Fluids Fluids ‘

Page 6 of 90



R21 B.TECH. EE
Statics: is when the force system acting on a body is balanced, the system has no external effect on the

body, the body is in equilibrium.

Dynamics: It is also a branch of mechanics in which the forces and their effects on the bodies in motion

are studied. Dynamics is sub-divided into two parts: (i) Kinematics and (ii) Kinetics

Kinematics: It deals with the geometry of motion of bodies without and application of external forces.
Kinetics: It deals with the motion of bodies with the application of external forces.

Particle: It can be defined as an object which has only mass and no size.

Rigid body: It can be defined as an object which has mass and definite size. The relative portion of any

two particle in it do not change under the action of forces
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Lecture 2
VECTOR MECHANICS:
Various quantities used in engineering mechanics may be grouped into scalars and vectors.

Scalar Quantity: A quantity is said to be scalar if it is completely defined by its magnitude alone.
Examples of scalar quantities are: Area, length, Volume, Mass, Energy, Power, and Work, Moment of

inertia etc.

Vector Quantity: A quantity is said to be vector if it is completely defined only when its magnitude as

well as direction are specified.

Examples of vector quantities include: Displacement, Velocity and Acceleration Force, Moment,

Momentum etc.
Types of vector 1) free vector 2) Sliding vector 3) bound or fixed vector

1. Free Vector: Vectors with no unique line of action and unique point of application are called free

Vector. Examples are Couple and displacement vector.

2. Sliding Vector: Vectors with unigue line of action but without unique point of application is known as

sliding vector. Example is force acting on rigid body.

3. Fixed Vector: Force with unique line of action as well as unique point of application is called fixed

vector. Example is force acting on a deformable body.

FORCE: Force is defined as the cause of change in the state of motion of a particle or body. The product

of mass of the particle and its acceleration is equal to force. It is a vector quantity.
A Force has following basic characteristics
i) Magnitude ii) Direction iii) Point of application iv) Line of action

Magnitude of the force is shown in Fig 10N, direction is 45° with the horizontal in first quadrant, point of

application is C and line of action is AB.
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B

/
/10N

»”C
S o
A Aﬁis _________

Fig.1.1. Characteristics of a force

SYSTEMS OF FORCES

When a system has more than one force acting, it is known as a force system.

Collinear Force System
When the lines of action of all the forces of a system act along the same line, this force system is called

collinear force system.

Coplanar Force System

When the lines of action of a set of forces lie in a single plane is called coplanar force system.

Force System

j

Copllaner Non-coplanar
|
Parallel
Concurrent Parallel

Concurrent
Non-concurrent

Collinear Non-concurrent

Non-Coplanar Force System

When the line of action of all the forces do not lie in one plane, is called Non-coplanar force system

Coplanar and concurrent force system
A force system in which all the forces lie in a single plane and meet at one point, For example, forces

acting at a joint of a roof truss.
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Coplanar and non-concurrent force system
These forces do not meet at a common point; however, they lie in a single plane, for example, forces
acting on a beam.

Concurrent Force System
The forces when extended pass through a single point and the point is called point of concurrency. The

lines of actions of all forces meet at the point of concurrency. Concurrent forces may or may not be
coplanar.

Non-concurrent Force System
When the forces of a system do not meet at a common point of concurrency, this type of force system is

called non-concurrent force system. Parallel forces are the example of this type of force system. Non-
concurrent forces may be coplanar or non-coplanar.

Non-coplanar and concurrent force system
In this system, the forces lie in different planes but pass through a single point. Example is forces acting

at the top end of an electrical pole

F F P
1 FJ Y \ 7 S
E B P,
e — Non-Concurrent Coplanar Non-Concurrent  Non-Coplanar Non-Concurrent
Collinear Force Parallel Forces Force System Force System Force System Force System

(a) ® © (@ ® ®

Fig.1.2. Force System
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Lecture 3

PRINCIPLE OF SUPERPOSITION OF FORCES

This principle states that the combined effect of force system acting on a particle or a rigid body is the
sum of effects of individual forces

Consider two forces P and Q acting at A on an object. Let R be the resultant of these two forces P and Q.

l)

Q .
Fig.1.3. Principle of superposition

PRINCIPLE OF TRANSMISSIBILITY OF FORCES

The transmissibility of forces is the point of application of force may be transmitted along its line of
action without changing the effect of the force on any rigid body to which it may be applied.

Lecture 4

Resultant of two forces by parallelogram law

RZ = P2 4+ Q%2 — 2PQCosp

As B = (180° — )

R? = P2 + Q2 + 2PQCos6

Qsinf
(P+Qcos0)

tana =

Addition and subtraction of vectors (by triangle law)

B -B
2
-, A Pi-'%
Figl.5
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Addition and subtraction of vectors (by parallelogram law)

MOMENT OF A FORCE: Moment of a force is the turning effect. Moment of a force about a point is
the product of the magnitude of the force and the perpendicular distance from the moment centre on to the
line of action of the force. Moment of the force F about O = Mo

Mo=F xd Line of action of F .7

-
-~
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Lecture 5

Moment of a force about a point (vector method)
Moment of force Fabout O = M
M= T4 x F (vector product) , TA = position vector of point A,

The cross product 74 x F is defined as a vector M that is perpendicular to both 74 and F, witha

direction given by the right-hand rule and of magnitude equal to the area of the parallelogram formed by

the vectors 7i and F.

Ta XF
= *

O
/ ’
Fig x 18

COUPLE

A system of two equal parallel forces acting in opposite directions is said to form a couple. shows a

couple formed by horizontal, vertical and inclined forces

%_
¥ B R

Fig.1.9. Couple System.

Resolution of a Force into Rectangular Components

A given force F can be resolved into (or replaced by) two forces, which together produces the same

effects that of force F. These forces are called the components of the force F

Fig.1.10 Rectangular Force Components
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Consider a force F acting on a particle O inclined at an angle © as shown in Fig.. Let x and y axes can be

the two axes passing through O perpendicular to each other. These two axes are called rectangular axes or
coordinate axes. They may be horizontal and vertical or inclined as shown in Fig.
The force F can now be resolved into two components F, and Fyalong the x and y axes and hence, the

components are called rectangular components.

Therefore, the two rectangular components of the force F are:
Fx=Fcosf®and Fy=Fsin6

Rectangular components of the moment of a force

Three Dimensional Systems

Ej
* Adxy
/_/"
: > Ei
vi| o
zk}éﬁk X b

F 4
Fig.1.11. Rectangular Moment Component.

The moment of force F about O,

Mo=#?xF,?=xi+yj+zkandF = i+ Fj+ Ek

TRy -

MO = Mxi+Myj+ MEk

-

1]k
Mp=|x vy z|=WE-zB)li+ (zFk — xE)]+ (xB — yF)k
Fx Fy F,
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Lecture 6

Scalar product of two vectors applications

P.Q = PQCosO = P.Qx+ P,Qy + P:Q:
_ PxQx+ PyQy+ P;Qz
CosO = P0

Projection of a vector along any direction (OL)

PoL = PCosO = projection of P along OL

P.Q = PQCos®
PPQ"=Pcos§ =P = P.1 (where A is the unit vector along OL)
0 oL

Example 1: A single force P acts at C in r direction perpendicular to the handle BC of the crank shown.
Knowing that Mx = + 20 N.m and My is equal to - 8.75 N.m and Mz = - 30 N.m determine the magnitude
of p and the values of ¢ and 6.

Solution: I"loo nnﬂ |
c

150 mm

Fig.1.13

7 = (0.25m)I + (0.2m)sind j + (0.2m)cosOk
P = —Psin®j + Pcos® k )
1 i k
Mp = . XP = [0.25 0.2sinf 0.2cos6|
0 —Pson® Pcos®

Expanding the determinant, we get
x = (0.2)P(sinBcos® + cosOsind)

Mx = 0.2Psin(6 + @)
My = —(0.25)Pcos @

Mz = —(0.25)Psin @
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M, —-30
tan® = — =
My, —8.75
@ = 73.74°

M2+ M2 = (0.25P)?
y z
P = 48752+ 302 = 125N

Substituting the values of P and @ in the above equations, we get & = 53.1° (considering positive value
for )
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Lecture 7

Example: 2

The three forces and a couple shown are applied to an angle bracket. Reduce the system to a force and a
couple at B.

25N
™ S oy s}
12cm N 60°
. 3 '
A Bi ‘]‘
80Nem | 8o
c J
s \
40N
Fig.1.14.

The system to a force and a couple at B is,

Rx= XFx = 25C0s60° — 40 = —27.5N («)

Ry = XFy = 25Sin60° — 10 = 11.6506N (1)

Mg =80 + 10x12 — 40x8 = —120N.cm (clockwise)
Resultant Force

N
R=-27.5i+ 11.65j
R = 29.86N

Example 3:A Package is supported by three ropes as shown in figure. Determine the weight of the

package if the tension in the rope AD is 450N.as shown in figure below.
}.-

Fig.1.15.
Solution : First we find the co-ordinate of Point, A(0,-1000,0); B(700,0,0); C(0,0, -600); D(-600,0,400)

—F  Tap(700i+10007) 2 —— =
We know, Tz = W: Tip = TAE({].E?EI + 0.819_?:1
N
—  Tap(1000j-&00%k) + =
Tyr = — =T,-(0.8574; — 0.5145k
Ac 10007 +6002 ac( 7 )
—  Tap(-s00i+1000j+400k) ——  4500(-600i+10007+400k )
Tap =~ == =Tap =
/10007 + 5007 + 4007 1232.88

= T,p(—21907+ 3650] + 1460k )
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TI; _ W(—10007) _ —I'L’U_}

~ 10002
For Equilibrium, TF =0, + T F =Ty + T + Tup + W = 0 Equating the coefficient of 1,J and k
equal to zero. Tas =3822N, Ti-=2823N we can find the package weight from the above equations
Assignment

1.Determine the moment about the origin O of the force F = 31 +4] -k which acts at a point A. Assume

the position vector of A is I = 37 -3] +4k
2.A force of 50N is acting along the force F =51 +6] 3K is applied at point P(1,-1,2). Find the moment

of force of 50N about the point O(2,-1,3)
3. Example: Determine the tension in cables AB, AC and AD.

1.5m

1.25m
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Lecture 8

LAMI’S THEOREM

It states that,” If three forces acting at a point are in equilibrium each force will be proportional to the sine
of the angle between the other two forces.”

Suppose the three forces P, Q and R are acting at a point O and they are in equilibrium as shown in figure.
Rearrange the forces makes a triangle when equilibrium.

Let o = Angle between force P and Q.
B = Angle between force Q and R.
v = Angle between force R and P.

Then according to Lami’s Theorem,
P Q R

sin (180—a)  sin (180—F)  sin (180—y)

P Q R

sin @ sin sin ¥

Fig.1.17

Example 4: A small block of weight 100 N is placed on an inclined plane which makes an angle, © = 30°
with the horizontal. What is the component of this weight parallel to inclined plane and perpendicular to
inclined plane?

100 Co’::-')\\

lOOsin.—';‘, -~

Sol™: 1. Select the axis
x-axis is parallel to inclined plane

y-axis is perpendicular to inclined plane

Page 19 of 90



R21 B.TECH. EE
2. Draw the force diagram,

e
\‘\ll
\ ) /—' X
S Nl )20
]
2 60
WY
Fig.1.19
3. Find the force components,
F=100 N
a=60°

Fx=F cos a =100 cos 60°=50 N
Fy=F sin a = 100 sin 60° =87 N
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Lecture 9

Example 5: A circular roller of weight 450N and radius r=150mm hangs by a tie rod AC=300mm and
rests on a smooth vertical wall at B. Determine the tension S in the tie rod and force Ry, exerted against the
roller as shown in Fig-16.

450N

Fig.1.20

From free body diagram of the roller as shown in figure. Observed that the forces are congruent and
equilibrium. Thus, we apply Lami’s theorem.

T 450
sin 90 sin O
~ 450
~ sin ©
from figure AD = AC + CD = (300+150)mm= 450mm

ED
AD

AC

cosd =

cos8 = = 70.53°
a50

450
5 = 477.3N

sin 70.53

T, =477.3N isthe required tension

Tac =
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VARIGNON’S THEOREM:
Statement: The moment of the resultant of two concurrent forces with respect to a centre in their plane is
equal to the algebraic sum of the moments of the components with respect to the same centre.

Fig.1.21

Proof : The moments of both forces P and Q with respect to centre ‘O’ as shown in figure. the moment
of resultant force R. Joining OA and extended the line OA, draw the perpendicular I-m to the line OA.
Joining the perpendiculars Aa, Bb, Cc and Dd

Now the area of AOAB = % 0A ab, the area of AOAC = = 04 .ac, and the area

B3|

of AOAD = = 0A ad,

Since, ad=ab+bd = ab + ac,
we conclude that, area of AOAD = area of AOAB + area of AOAC
Therefore, P.d; + Q.d, =R.d  where, d;, d2 and d are the perpendicular distance from forces P,Q and R
from point O .

FREE BODY DIAGRAM
1. ltisadiagram or sketch of a body.
2. The body is shown completely separated from all other bodies.
3. The action on the body of each body removed in the isolating process is shown as a force or
forces on the diagram.

Example 5: A boom of length 30m supports load of 1500N as shown in figure. The string is horizontal
and 15m long. Determine the forces in the boom.

B zem e C
A /§§'~‘
Fig 1.21
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Let S is the tensile force induced in the string

Sin £CAB =15 =1 = £CAB = 30°
30 2

ZFy:O
Ya-1500=0

Ya = 1500N

Taking moment of all forces about point A we can write,

Ma =S8 x30C0s30°—1500x15=10

1500%x15
= = 866 N
30Co0s30°

Y2Fx=0=>Xa—S5S=0 = Xa=866N

Ra = Ve—+—¥2=1732N
A A

Page 23 of 90
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Lecture 10

Example 6: A right circular roller of weight W rests on a smooth horizontal plane and is held in position
by an inclined bar AC. Find the tension S in the bar AC and vertical reaction Ry at B, if there is a
horizontal force P acting at C. P=100N and 0=30°.

Solution:

From equations of force equilibrium of roller,

P =S cosa

R,=W +Ssina
Solving these,

S =Pseca

R, =W + Ptana

Example 7:Two smooth circular cylinders, each of weight W=N radius r=6cm are connected at the
centres by a string I=16cm and rest upon a horizontal plane supporting above them a third cylinder of
weight Q=200N and radus r=6cm, find the force S in the string AB and pressure produced on the floor at

D and E.

Solution, Free Body diagram :
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W R Q

Fig 1.26 (a & b)

sin® :2:§ :Z

From geometry, o 2%6 3

0 =41.81
From symmetry it can be concluded that reactive force at points of contact at M and N are equal say
Rm: Rn: R and RD: RE
From equilibrium of vertical forces in sphere C, We obtain

2RcosO =Q
R= 20 =134.163N
2c0s41.81
From equations of force equilibrium of sphere A
S =RsinO
W +RcosO =R
or

S =134.163sin141.81
100+134.163c0s41.81 =Rp
S =89.44N,R,=199.99N =R
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Lecture 11

Example 8:. A ball of weight Q rests in right angled through as shown. Determine the reaction forces of
the wall.

Solution.... FBD of Ball:

Fig 1.28

Considering Equilibrium we can form those equations,
> Fy= 0 =Q-(Rs cos 60° + Racos 30°) , * Rex1/2 + Raxv/3/2=Q......... (i)
> Fx= 0= (R Sin 60° - RaSin 30°) = RgV3/2 - Ra/2=0... ......(ii)

Solving (i) & (ii_)
We get Ra=+/3/2 Q; Re = Q/2

Example 9: A 150 kg mass stands on the middle point of a 50kg ladder. Assuming that floor and wall are
perfectly smooth and also reaction Raand Rg at A and B.

=]

(7]
<_E_+
AN NN
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Solution:
FBD of Ladder...... A

o I . R =
Considering Equilibrium we can write those equations. .. a
ZFY:():RBY—W:O,'-'RBY=W:200N; T
2 Fx=0=Ra-Rex=0,~ Ra=Rsx; 3m
ZMA:0:W><1/2+RBX x3-Reyx1=0;
Solving these equations we get,
Rey = 200 N; l
Rex = 100/3 N; —
Re = VRZ F RZ = 202.76N

Bx By

Ra=100/3 N .

Fig 1.30

Example 10:Determine the forces exerted on the cylinder at B and C by the spanner wrench due to a
vertical force of 10N applied to the handle. Neglect friction at B.

10N

>

Solution, Free Body diagram :

Fig 1.32

Considering Equilibrium we can write those equations and solving,
ZFXZOZ Rb—RcX:O, sz RCX;
Y Fy=0=Reyy—10=0, “ Rey= 10 N;
Y M:=0, + Rgx25-10x12 =0;
~ RB =48N, - Ry, = Rcx = 48N
v R =VRZ FRZ = V48%+16%=49.03
cx cy
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Module 11

EQUILIBRIUM OF FORCES
Equilibrium is defined as the condition of a body, which is subjected to a force system whose resultant

force is equal to zero.

F

A

Fig.2.1.

Equations of equilibrium for a concurrent, coplanar force system

The resultant of a concurrent, coplanar force system is a single force through the point of concurrence.
When the resultant force is zero, the body on which the force system acts in equilibrium.

y

131

F2
Fig.2.2. Equilibrium of concurrent and coplanar Force system
If the sum of the x components of the forces of the system is equal to zero, and the sum of
the y components of the forces of the system is equal to zero is the equations of equilibrium of a
concurrent, coplanar force system
i.eY Fx=0, Y F =0,

In a similar manner, a third set of independent equations can be shown to be

ZMA=0, ZMB:O
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Example 1: P and Q are two Forces acting parallel to the bar AB is supported by a peg, so that it can
remain horizontal. If the length of the bar is I. find the position of support O from both sides,

1
~
L

=

Fig.2.3
PROCEDURE FOR THE SOLUTION OF PROBLEMS IN EQUILIBRIUM

1. Draw a free body diagram of the member or group of members on which some or all of the unknown
forces are acting.

2. The number of independent equations of equilibrium of force system.

3. Compare the number of unknowns on the free body diagram with the number of independent equations
of equilibrium .

4. Then solve the unknown according to equilibrium equations get the results

Example 2: Determine the value of F and 6 so that particle A is in equilibrium.

10kN

16kN

Fig.2.4
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Solution:

1. Y Fx=0

10 cos 60° + F cos (180° + 6) + 16 cos 270° =0

=5.0-Fcosf -0
Therefore, F cos 6 =5
2. > Fy=0
10 sin 60° + F sin (180° + ) + 16 sin 270° =0

—7.34-Fsin06=0

Therefore, F sin 0 =-7.34

Fsin © =tand =ﬂ = —1.47
3. FcosB 5
0 =-55.74°
Fcos0=5
F= 888N
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Example 3: A ball of W rest on a smooth plane as shown in figure. Find the angle a and the normal
reaction on the ball for equilibrium.

-
e

\%Y

Fig.2.6

Free body diagram (1), (2), (4) and (5)
From The condition of equilibrium W1=Tag and W;=Tac
From free body (3) > Fx =0

T
Taccosa -Tag=0 = Cosa = ;’—B
AC

L Cosa = == (Wi<Wa) # o= cos™ (=2); (W1< Wa)
W, W,

z
Again, > Fy=0 3 Tacsina + N-W=20
W2 w2

*N=W- Tacsina  #N= W-W, “‘T
z ’

Iz z
(W —w,

[ ~ Tac=W;and sino= V1 —cos’a :T]
3

*N=W- /W2 — W is the required normal reaction exerted by the plane on the ball.
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Example 4: A roller of radius r=12cm and Q=500kgf is to be rolled over a curb of height h=6¢cm by a
horizontal force P applied to the end of a string wound around the circumference of the roller. Find the
magnitude of P required to start the roller over the curb. Fig

K/ 777 1"/ .
Y e i

Figure 2.7

Solution: For the condition of rolling over the curb, the roller must be rested on the edge of the curb at A
and should be lifted from the floor.

PnJa

r

D’ E} 7 77
SRS /IT—T—

Figure 2.8 Figure 2.9

Now by taking moments of all the forces about point A
We can write,

Ma=Qx AD-P (2r-h)=0

And AD = VAC?-CD?~ 6\3 cm

Or, P = (500x63)/18 = 288.67kgf
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Lecture 12

Example 5: Two identical rollers each of weight Q=100 N, are supported by an inclined plane and a

vertical wall as shown in figure below. Assuming smooth surfaces, find the reactions induced at the point
A,B, and C.

Solution:

Figure 2.11 (Free Body diagram for both the roller)

Applying conditions of equilibrium for FBD 1

Y>Fx=0,=>Rc-RsgC0s60° - Rp C0s30° = 0 --------------- Q)
> Fy =0, =>RgSin60° - Q - Rp Sin30° =0---------------- 2
Applying conditions of equilibrium for FBD 2

YFx =0, => Rp C0s30° -RaC0s60°= Q --------------- 1)

>Fy =0, => Rp Sin30° + RaSin 60° = 0---------------- (2)

Solving the above equations we get, RA =96.6N , RB = 144.33N, RC = 115.46kgfN and RD = 50N
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Example 6: A circular roller of weight W=450N rest on a smooth inclined plane and is kept from rolling

down by a string AC as shown in figure, find the tension S in the string and the reaction Rg at B. Fig-1.30

Fig 2.12

Solution: Free Body diagram of the circular roller is shown in figure below

Now applying the conditions of equilibrium, we can write

> Fx=0,=>Rg C0s45° - S Cos30° =0

YFx=0, =>Rg Sin45° + S Sin30° - W =0

Solving the above equations , we get RB =416 Nand S=341 N

Problems on Equilibrium System

1. Two smooth spheres, each of raddi r=25cm and weight Q=40kgf rest in a horizontal channel having a

vertical wall of distance b=90cms. Find the pressure exerted on the floor at the points of contacts.
Fig.1.25.

ot
2 R,
a, "
7 FNE,
Rb Rd
—
Z
Ry
(c)

2. A bar AB of length | is supported as shown in Fig-1. 33. At any point along its length a vertical load Q
can be applied. Determine the position of this load for which the tensile force S in the cable BC will be a
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maximum and evaluate the same if the various angles are as shown in the figure. In calculation neglect
the weight of the bar and the cable.

Fig.2.15

3. An electric light fixture of weight 20N hangs from a point, by two straight AC and BC.AC is inclined
at 60° to the horizontal and BC at 30° to the vertical as shown in fig. 1 .Using Lame’s theorem
determine the forces in the strings AC and BC.

Fig 2.16

4. A string ABCDE whose one end A is fixed and weights W1 And W, are attached at B and C
respectively and passing round a smooth peg at D carrying a weight 1000N at the free end E as shown in
fig.3 if in a state of equilibrium . BC is horizontal and AB and CD make angles of 150° and 120°
respectively with BC. Determine the tension in AB, BC, CD and DE of the string and the values of W1
and Wo.
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Lecture 13

FRICTION

Introduction

The sliding of a solid body in contact with another solid body is always opposed by force of friction.
Friction acts in the direction opposite to that of relative motion and it is tangential to the surface of two
bodies at the point of contact.

Types of Friction:

1. Static friction
2. Kinetic friction
3. Rolling friction
4, Fluid friction

Static Friction

Static friction comes into play when a body is forced to move along a surface but movement does not
start. The magnitude of static friction remains equal to the applied external force and the direction is
always opposite to the direction of motion. The magnitude of static friction depends upon ps (coefficient
of static friction) and N (net normal reaction of the body).

Kinetic Friction

Kinetic friction denoted as ux comes into play when a body just starts moving along a surface. When
external applied force is sufficient to move a body along a surface then the force which opposes this
motion is called as kinetic frictional force.

Rolling Friction
Rolling frictional force is a force that slows down the motion of a rolling object. Basically it is a
combination of various types of frictional forces at point of contact of wheel and ground or surface.

Fluid Friction
When a body moves in a fluid or in air then there exists a resistive force which slows down the motion of
the body, known as fluid frictional force.

Culomb,s Laws of Friction:

1. Limiting friction force is proportional to the normal reaction force (N)

2. Friction force is independent of the area of contact surface; it depends on the roughness and
nature of the material.

3. The coefficient of static friction is slightly greater than the coefficient of kinetic friction.

4. Within rather large limits of friction, kinetic friction is independent of velocity.
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F limit

-

Spatic . Dynamic state
state '
I
—»p
Fig.2.18

Angle of Friction:

Angle of friction is defined as the angle made between the normal reaction force and the resultant force of
F__pR _

normal reaction force and friction. tang = z - T H

1

F |
v ’ ’ ’
’ w

Fig. 2.19

41|
+
LT
D
BT

m— ]

R= Normal reaction, F= Friction, u=Coefficient of friction

Relation between Angle of Friction and Angle of Repose:

Angle of repose is defined as the minimum angle made by an inclined plane with the horizontal such that
an object placed on the inclined surface just begins to slide.

Let us consider a body of mass ‘m’ resting on a plane.

Also, consider when the plane makes ‘0’ angle with the horizontal, the body just begins to move.

R
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Let ‘R’ be the normal reaction of the body and ‘F’ be the frictional force.
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Here,
F=mgsing.......... ()
R=mgcosf ... (i)
Dividing equation (i) by (if) 22222 = £
mecosl R
F  mgsing
R mgcosf

Or, tan® =, where ‘p’ is the coefficient of friction

Or, tanf =tana  (tan o= )

Where ‘o’ is the angle of friction

0=a

Angle of repose is equal to angle of friction.

Lecture 14

Cone Of Friction
A cone in which the resultant force exerted by one flat horizontal surface on another must be located

when both surfaces are at rest, as determined by the coefficient of static friction.

N
R 4
E oo X
F «—— 0 —
Direction of Direction in which
Friction the body tends to

move

Fig. 2. 21
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Lecture 15

Workout Problems:

Example 1: A ladder 5 m long weighing 100 N is resting against a wall at an angle Of 60° to the
horizontal ground. A man weighing 600 N climbs the ladder. At what position along the ladder from
bottom does he induce slipping? The coefficient of friction for both the wall and the ground with the
ladder is 0.25.

0.25S

€ 0.5 <4~

R
Fig. 2.22

Sol": Let the man is at a distance x metres from the foot of the ladder at F. as per figure

BF = x, BE = AE =2.5m

the normal reactions at the floor and the wall be R and S. Friction at the floor and the wall will be
0.25R and 0.25S respectively.

From equilibrium condition the forces on the ladder horizontally and vertically,

Z Fx: O, Z Fy = O
S=0.25R oo, (i)
R +0.255 =700 N........... (ii)

From equations (i) and (ii), we get R = 658.82 N, S =164.7N

Taking moments about B, > Mg=0

100 x 2.5 cos 60° + 600 x x cos 60° - S x 5 sin 60° - 0.25S x 5 cos 60°=0
125 +300x =4.33S +0.625 S

125 +300x = 4.955x S

300x = 816.68-125=691.68

X =2.30m
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Example 2: A block is weighing 100 kg is placed on a rough surface whose coefficient of friction is 0.30

and inclined force P is applied at its top corner as shown in Fig.2.6 Determine whether the block will tip

or slide and the force P required to move the block.

30"

0.4m

o SIS SIS

«

0.7m
Fig. 2. 23
Sol™: W =100 x 9.8 =980. N,
Considering sliding of the Block
P
s W
30°
el
R
Fig. 2. 24

From free body diagram,.

R—W + P sin 30°=0
R=980-05P

Hence limiting friction force = 4 Ry
=0.3(980-0.5P)

=294-0.15P

From Y Fx=0, F =P cos 30°
So, F=0.866 P

Let us assume that the block slides before tipping,
Then 0.866 P =294 —0.15P

P =289.37 N
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Checking the tipping of the block,

. W
30 |

)
OF‘%

Fig. 2.25

> Mo =0, (289.37 sin 30°) (0.35) + (289.37 cos 30°) (0.4) —R1 (x) =0
50.63 + 100.24—-R: x=0

150.87 = Ry X

By putting the value of Ry, we get

150.87 = (980 - 0.5 P) x

x=0.18m

As x < 0.35 m, tipping will not occur.

So block slides with P = 289.37 N
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Example 3: A block weighing 10 N is a rectangular prism resting on a rough inclined plane as shown in
Fig The block is tied up with a horizontal string which has a tension of 5 N. Find

(a) The frictional force on block
(b) Normal reaction of the inclined plane
(c) The coefficient of friction between the surfaces of contact

Horizontal string

/

Fig. 2.26

Sol": Weight of the block W =10 N
Tension in the horizontal string T=5N
Angle of the inclined plane = 45°

Fig. 2.27

Tangential and normal force components indicated by the dotted arrows. Resolving the force parallel to
inclined plane,

(@ From ) Fx=0, we get,
Tcosd5® +F- Weosd5° =0, F = —L =353N

- My

va

(b)From Y, Fy=0, we get, R- Tsin45’ - Wsind5°=0, R = =

= 10.66N

(c)From the laws of friction,
F=pR

3.53=p x 10.66

n=0.331
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Example 4: A body resting on a rough horizontal plane required to pull 20N inclined at 30° to the plane
just to remove it. It was found that a push of 25N inclined at 30° to the plane just removed the body.
Determine the weight of the body and the coefficient of friction.

w

|

J

et -

A

R

Fig. 2.28

Sol": given, Pull = 20N, Push = 25N and 6 = 30°

Let W = weight of the body in N, R = Normal reaction and pu = coefficient of friction

1. Pulling Force acting on the body, we get
F=20x0.866=17.32N

From the vertical forces, we get
R=W-20=W-20x05=(W-10) N

From the laws of friction,

F=pR

1732 = (W = 10).cciciciceceeeeee e 0]

2. The Force acting on the body

30N
NI

el

Fig. 2.29

From the horizontal forces, > Fx=0,
F=30x0.866 =25.98 N

From the vertical forces,, Y Fy =0,
R=W+30x05=(W+15)N

From the laws of friction,

F=pR

2598 = U (W +15) oo (i)
Dividing. (i) to Eq. (ii), we get

W =60 N

Putting the value of W in Eq. (i) and Eq. (ii), we get

L =034
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Assignment On Friction :

1. Two block of weight W, and W- rest as shown. If the angle of friction of each block is ¢, find the
magnitude and direction of the least force p applied to the upper block that will induce sliding. Fig-2.9.

P
‘__\. :;'.'wl
T
Ir
il

2. Two blocks connected by a horizontal link AB are supported on two rough planes as shown. The co-
efficient of friction for block A on the horizontal plane is i = 0.4. The angle of friction for block B on
inclined plane is 15°. What is smallest weight of block A for which equilibrium will exist? Fig-2.10

400kg

7

Fig. 2.31

3. Two block of weight W1 = 200 kg-f & W, = 300 kg-f are joined by a cord parallel to plane inclined at
an angle o with the horizontal . Find angle o for which the sliding will impend. What is tension in the
cord. Given, co-efficient of friction for block A & B are 0.20 & 0.50 respectively. Investigate the case
when p;=.05, Wu2=0.2. Fig-2.11

A
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4. A block of weight W1 = 200 kg-f rests on horizontal surface and support on top of it another block of

weight W,= 50 kg-f. The block W, is attached top vertical wall by the inclined string AB . Find
magnitude of the horizontal force P applied to the lower block as shown that will be necessary to cause
slipping to impend. The coi-efficient of static friction for all contiguous surfaces is p = 0.3. Fig-2.12

Fig. 2.33
5. Two inclined blocks A & B are connected by a rod & rest against vertical & horizontal planes
respectively. If sliding impends when 6 = 45°, determine the co-efficient of friction, Y, assuming it to be
the same at both floor & wall. Fig-2.13

B N

AN

AN

S LI/ 7777 /7

Fig. 2.34
6. A solid right circular cone of altitude h = 12 cm & radius r = 3cm has its ¢.g. C on its geometric axis at
a distance h/4 above the base. The cone rests on the inclined plane AB which makes An angle of 30° with
the horizontal and for which co-efficient of friction is 0.5. A horizontal force P is applied in the vertex O
of the cone and acts in the vertical plane of figure. Find the maximum and minimum values of P
consistent with equilibrium of the cone of weight W = 10kg-f.Fig-2.14
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7. A short right circular cylinder of weight W rests in a horizontal V notch having the angle 2a as shown.
If the co-efficient of friction is W , find the horizontal force P necessary to cause slipping to impend. Fig-
2.15

Fig. 2.36

8. A smooth circular cylinder of weight Q and radius r is supported by two semicircular cylinders each of
the same radius r and weight Q/2 as shown. Find the maximum value of distance b for which motion will
impewnd.Fig-2.16

Fig. 2.37
9. In the figure shown, find the minimum value of horizontal force P applied to the lower block that will
keep the system equilibrium? Given, coefficients of friction between lower block and floor = 0.25,
between the upper block and the vertical wall = 0.30, between the two blocks =0.20.

ST 500kg
" 1000kg
(3 .)" \\\
i
T :
Fig. 2.38
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10. A short semicircular right cylinder of radius r and weight W rests on a horizontal surface and is pulled
at right angles to its geometric axis by a horizontal force P applied at the middle B of the front edge as
shown. Find the angle o that the flat face will make with the horizontal plane just before sliding begins if
the coefficient of friction at the line of contact A is i. The gravity force W must be considered as acting at
the centre of gravity C as shown in the figure.

Fig. 2.39

11. A heavy prismatic bar AB of mass M is supported by a circular ring as shown. Length of the bar is
such that it subtends an angle of 90° in the ring. If the angle of friction be ¢, find greatest angle of
inclination 6 that the bar can make during equilibrium?

Fig. 2.40
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Module 3:

Lecture 16

Centroid: The term centroid is used for two dimensional geometrical figures (areas and curves). For a
plane figure it can also be defined as the arithmetic mean (“average™) position of all the points in the
plane figure. As for example centroid of a rectangle and a triangle are as shown in figure.

!
|

Centroid

" M
+ +

Figure 3.1 Figure 3.2

Center of gravity:

The center of gravity of a material body is that point through which the resultant of the distributed gravity
forces passes, irrespective of the orientation of the body in the space. So, centre of gravity is a term which
is applicable only for bodies having the property of weight. It also can be stated as the point through
which whole weight of the body acts.

Computation of coordinates of centroid of curves:

Let the equation of curve is given by y = f(x)
y

_ [xdL S
Xc de | . __l_/
¥
= FE
| > x

fdL

Figure 3.3

xc and y. are the coordinates of the centroid of the curve.

Computation of coordinates of centroid of area:

_ Jda
Xc = fdA
dyy
_ 34
e dA . .

Figure 3.4

xc, and y. are the coordinates of the centroid of the area.
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Computation of coordinates of centre of gravity of solid:

z N v lV
CG. —
éiA\b V
iz
I— ot

_ Jydv
= Jaw 2 L
, = Lzav —V
€ fav x/
Figure 3.5

xe, ye and z. are the coordinates of the centroid of the solid volume.

Example 1:Locate the centroid of the quadrant AB of the arc of the circle of radius R as shown in figure.
Solution: Elemental length dL can be written as:

dL = Rd6
Coordinates of the centroid of the elemental length can be written as:

X = Rcos@

Y= Rsinf
Coordinates of the centroid of the arc length AB are:

(R cos@)RAO 2R
Xc=Lt—s—= o
JE RdO

Figure 3.6
[HRsin®)RdO 2R
ye=At—g——=—
J2 Rd# "
Example 2:

Determine the coordinates of the centroid of the sector of a circle of radius R and central angle of

Solution: Elemental area dA can be written as:

1
dA = _R.RdO
2
Coordinates of the centroid of the elemental area can be written as:

X = Rcosf

Coordinates of the centrmg/pf the sngtor of the circle are:
2 COS = 4R gin« Figure 3.7
X = —uﬁ—R—R&e— 3 2
f 0{/22

ye = 0 (Due to symmetry)
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Example 3: Find out the coordinates of the centroid of the quadrant of circular area as shown in figure.

Solution: consider an elemental area in the form of a strip of height y and width dx

dA = ydx
Again, x2 + y2 = R?, or,y = VRZ = xZ g
[ xdA [ [ xVRZ=—Z 4R
— = -0 =
xXc = T Ta foR 37
ydx Figure 3.8

Pappus and Guldinus Theorem:

Theorem 1: The area of the surface generated by rotating a plane curve about a non-intersecting axis in its

plane is equal to the product of the length [ of the curve and the distance traveled by its centroid.
Surface area of the curve,

A= [dA= [¥9dl=6 [l
By definition,

_
YT T

o [ ydl = yel
A= 0 [ydl= (y:6)1
Figure 3.9

Theorem 2: The volume of the solid generated by rotating a plane surface about a non-intersecting axis in
its plane is equal to the product of the area A of the Surface and the distance traveled by its centroid.

Volume of the solid,

V=[dv=[vdA=06 A
By definition, )
_ [yA

YT Taa

A=y A
V=20 WA= (y:0) A Figure 3.10
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Lecture 17

Example 4: Using Pappus and Guldinus theorem find out the coordinates of the centroid of the
semicircular area as shown in figure.

Radms =R

Figure 3.11

Solution: (1) If the semicircular area is revolved around the y axis, a sphere of radius R is generated.
According to second theorem of Pappus-Guldinus the volume generated is equal to the volume of a
sphere of radius R

V =2nrcA

TR?

4R

And the volume of the sphere = V' = —

3 2
V = 4R = 7R g ;= 4R

Example 5: Determine the volume of the cone using Pappus_Guldinus theorem as shown in figure.

¥

5

10 ft

Figure 3.12

Solution: If the triangular area (as shown in figure) is revolved about y axis, the volume generated is
equal to the volume of the cone.

According to second theorem of Pappus-Guldinus the volume generated is equal to the volume

of the cone =V = 2mxcA A=1.310 = 15ft? Y

10f
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from geometry we can write, xc = 1(ft)
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Figure 3.13

So volume of the cone = 2m X 1 X 15 = 94.24 ft3

Lecture 18

Tofin h rdin f th ntroid of composi I

The centroid of a plane area can be evaluated by dividing it into a finite number of simple common
geometrical shapes such as rectangle, triangle, circle, semicircle, and quadrant etc. For the composite area

shown in figure coordinates of centroid C is given by (XY

e A1 x1+A2x2+A3x Ax
3 Arxitdaxg 3x3 _ X

A1+ A2+ A3 YA
Y= AlvitdzyetAsys LAy
A1+ A2+ A3 YA —

Figure 3.14

Example 6:

Determine the coordinates of the centroid (X, yc) of the shaded area as shown in figure 7.

Solution: y
A n3? 2 2 A ',
1 = Area of quadrant (AOB) = ~, Ctm =7.068cm }‘
=23 _127em | "KL
5
Nn=35-= 1.27 cm [
A2 = area of the square ADCO =9 cm? Figure 3.15

x2 =-1.5cm, y2=1.5cm
As = area the quadrant (ADC) = = ™3° m2 = 7.068 cm?
x,=-(3- 4*_3) cm=-1.73cm 4 ©
s
yy= (3 4*5 cm=173cm
3m

x1+Axxp—A3x
x = X424 — () 856 om
¢ A1+ Az— A3

+Ay2—A
y — A1Y1TA2Y2—A3Y3 1138 cm
¢ A1+ A2— A3
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Lecture 19

Example 7: Determine the coordinates of the centroid (X, yc) of the composite area as shown in figure 7.

Solution: )
Let area of triangle 41 = Ix9x3=135sqin and the area of semicircle = A; = “x%z 1413 sq in

Coordinates of centroid of the triangle (x1 = 1.x 3 = 1(inch), y1 = 2.x 9 = 6(inch) and for semicircle (
3 3
x2 = 3= 1.5 (inch),y2 =9 + 3 = 12.81(inch)
2

T

The co-ordinates of the centroid of the whole area (xc, yc) Y
3"//
_ Aixat Apxp _ 13.5X1+14.13x1.5 _ . - /
e = A+ Ay 135+14.13 1.255 (inch) A T
ye = A1t Azyy _ 135x6+14.13x1281 _ 9.48 (inch)
A1+ Az 13.5+14.13 9"
A
X
o)
Figure 3.16

Example 8: Determine the coordinates of centroid of the composite area as shown in figure

T

lin

1in

RLN
» T

| |
I 3in I
Figure 3.17

Solution:

First choose two coordinate axes as shown in figure and divide the composite area in 4 regular
geometrical shapes ( A1, A2, A3, andAs)

Let the x coordinates of the centroid of the areas A1, A2, A3, andAs are xi, x2, x3, andxs and y coordinates
of the centroid of the areas A1, Az, A3, andAs are y1, y2, y3, andya respectively.

YA=A1+ Az + A3 — As

. 3in
Figure 3.18
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Area (sq in) x (inch) y (inch) Ax Ay

Ay =2 x=05 yi=1 1.00 2.00

4 =3 x2=25 y2=0.5 7.50 1.50

43 =15 xs =2 ys =1.33 3.00 1.99

—As+=—10.785 xs="2_=0.42 yo=24=042 |-0.33 -0.33
>A=5.715 Y Ax =11.17 > Ay =5.16

Xc = XAx = 1117 = 1,95 (inch)

YA 5715

y = TA = 516 = 0903 (inch)

5.715

Example 9: Locate the coordinates of centroid of the composite area as shown in figure

a

Ay

Az

A_’
Figure 3.19
Solution:
Area (sq in) x (inch) y (inch) Ax Ay
A1 =6x3=18 xn=3 yi=15 54 27
A2-1x3 x3=4.5 x2=6+;><3:7 y=1 31.5 4.5
As =1 x3% = 7.068 X3 =—t3=—127 yi=—ti= -127 -8.97 —-8.97
—Ai=-zx 12= -1.57 xa=0 ya = £1=0.42 0 —0.66
»A=27.998 3 Ax = 76.53 > Ay =21.87
_XAx 7653 273 (inch
X =S4T 79098 273 (e
XAy 2187 _
Yc = Z—A = m= 0.78 (inch)
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Example 10: Determine the coordinates of the C.G. of the hemisphere as shown in figure 7.

Solution:

Consider an elemental lamina of radius y and thickness dz and the volume of the element dV = ny2dz

_ JzdV _ [ zmy’dz
T Tyt

From geometry, y2 + z2 = R20r, y2= R2— z20I,y = VR2 — 22

_gR zn(R%— z%)dz 3R

zc = = =
0 m(R%2— z2dz 8

Figure 3.20

MCQ Type Questions:

2R 3R 4R 3R
1. The centroid of a quarter circular area of radius r is (a)g (b) o (c) = (d) T

R 3R 3R 4R
2. C.G. of hollow hemisphere of radius R is (a) > (b) ?(c) T(d) 5

R 3R 3R 4R
3. C.G. of solid hemisphere of radius R is (a) E(b) ?(c) T(d) ry

4r 2r 3r
4. The distance of centroid of a semicircular arc of radius r from base is (a) ;(b) ;(c) z_n(d) None of
these

5. Pappus-Guldinus theorem can be applied to calculate (a) Area, volume and centroid (b) Volume and
centroid only (c) Area and volume only (d) Area and centroid only

6. The C.G. of a solid right circular cone is (a) h/3 (b) h/4 (c) 2h/3 (d) 4h/3

Assignment:
Problem No 1: Locate the centroid of the shaded area as shown in figure

Figure 3.21
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Problem No 2: Locate the centroid of the shaded area as shown in figure

Figure 3.22

Problem No 3: Referring to the figure no 8, determine the coordinates (Xc, Y of the centroid of 200mm
circular hole cut in a thin plate, so that this point will be the centroid of the remaining part of the plate.

p-—qso mm-—’l <
<< \

Figure 3.23

Problem No 4: Locate the centroid of the shaded area as shown in figure 9

Figure 3.24

Problem No 5: Find the distance from the vertex of the right circular cone to the CG of its volume

A
*L
Figure 3.25

Problem No 6: Find out x & y coordinates of centroid of the shaded area as shown in figure.

Figure 3.26
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Problem No 7: Find out x & y coordinates of centroid of the shaded area as shown in figure.

Figure 3.27

Lecture 20
Area moment of inertia

Consider an elemental area dA within a thin lamina of area A as shown in figure

- - —
. \/ X
""""" i
X K\__ )..Plain section

- of area A

Let x = distance of C.G. of area dA from Y axis

y = distance of C.G. of area dAfrom X axis

Figure 3.26

Then the moment of the elemental area dA about Y axis = Area x perpendicular distance from axis of
rotation (Y axis) =x.dA (this is also known as first moment of area about Y axis)

If the moment of elemental area dA is again multiplied by the perpendicular distance x, then the quantity
=dI, = x. (x.dA) = x2dA (this is also known as second moment of area, area moment of inertia).
Moment of inertia of the whole area about Y axis = I, = [ dI, = [ x2dA

Similarly, moment of inertia of the whole area about X axis = I, = [ dI. = [ y2dA

Then moment of inertia of dA about pole O (Z axis) is, dI. = r. (r.dA) = r2dA

Then moment of inertia of whole area about pole O (Z axis) = I. = [ dI. = [ r2dA (this known as polar
moment of inertia.

From geometry we can write, r2 = x2 + y2

Therefore, I, = [r2dA = [(x2+ y2)dA = It + I,
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Parallel Axis Theorem:

The moment of inertia of an area about a non-cetroidal axis may be expressed in terms of the moment of
inertia about centroidal axis. In figure xo-yo axes pass through the centroid C of the area parallel to x — y
axes.

From definition moment of inertia of the elemental area about x axis can be written as

dlx = (yo + dx)2dA

|

: dA Dj

|/ \ Yo

| [ C _——_-,.. —_——Xy
So Ml of the whole area about x axis will be l \/ // :

|

Iy = [(yo+ dx)2dA P
Ic = [y2dA+2dx [yodA + d? [dA Figure 3.27
0 X

2
Ix = Ixo +Adx

(as here [ yo dA = 0 because C is the centroid and also origin of xo — yo axes)

Radius of Gyration: Consider an area A as shown in figure (a) which has rectangular moment of inertia

Ix and Iy about O.

— y
A A .
(0 \ \ {
B =7
| y / Oy
| | 3
o R N

'] b

Figure 3.28

Now we will imagine that this area is concentrated into a long narrow strip of area A a distance kx from x
axis as shown in figure (b).

From definition of moment of inertia of the strip about x axis will be the same as that of the original area

if, k2A = I , then the distance k is called the radius of gyration of the area about x axis. Similarly k
x x x y

is the radius of gyration of the area about y axis. So we can express kx and ky by the relation as given

below.
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Sample Problem Solved:

Problem No 1:
Determine the moments of inertia of the rectangular area about the centroidal xo and yo axes.
Moment of inertia of the elemental area dA about about xo = dlx,= y2dA

» Y

h 3
Ix,= [ y2dA = f_,{/zz y2.bdy = b’/

Tis
i . . hb3 A -
Similarly it also can be written for I, = /12 1
$ I_l__‘ R .
O
Figure 3.29 <
2@ -
| 1
Lecture 21
Problem 2:

Calculate the moments of inertia of the area of a circle about a diametral axis and about the polar moment
axis through the centre.
Solution: An elemental area in the form of circular ring may be taken for calculation of the moment of

inertia about the polar z axis through the centre of the circle O since all elements of the ring are

equidistance from O. The elemental area dA = 2mrodro and thus, I, = 1
[r2dA = [(r22mrd

0 0o O 0 0~ 5
Again, Ix + Iy = Iz and from symmetry we can write, Ix = Iy

7'[7‘4

ThusIx = Iy = -+
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Problem 3:

Calculate the moment of inertia of the triangular area about its centroidal axis and which is parallel to
base.

Solution:

An elemental area in the form of strip of width dy may be taken for calculation of the moment of inertia
about the centroidal axis X parallel to its base.

The elemental dA = ldy

l
: =2 -
From geometry we can erte; = orl= "%

h
by.dy
dA = 22
h
h 2 py bh3
= 20— N2 A= [ (28— 2 dy =22
ThusIx = [ (3 — y)2dA= [ (32— 3) J-dy=—
Figure 3.32
Lecture 22
Mass moment of inertia:
Consider a three dimensional body of mass m as shown in figure It
Mass moment of inertia of the mass m about O - O axis is lo—o = [ r2dm i
I r d”;
|
o
Figure 3.33

Determination of mass moment of inertia of paralleopipped:
Figure shows a paralleopipped of length b, width t, and height d

Consider a small elemental of length b at a distance y from X —X axis.

Figure 3.34
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X-X axis is a horizontal line passing through the c.g. of the elemental mass

— . =]
=dm T A I e
Here dm = pbtdy (p = density of material) d T R T
¥ - B
Moment of;inertia of the elemental mass about X-X axis = Ix-x = [ y2dm e "
=72 2 _ppbd = d - |+
I =["y pbtdy = ptbd =md — |
X=X —d/, 12 12 —=
Figure 3.35

(here mass of the paralleopipped = m = pbdt)
Determination of mass moment of inertia of a cylinder of mass m (having radius R and length L)

about its axis:

Solution: Consider an elemental mass of dm

dm = pdV = pL(2mr)dr

5
W

t~
¥ E—.

R |_ -8

I: = [r2dm = [ r2{pL2nr)dr} i
0 "
I =2npl fR r3dr = mLR Figure 3.36

VA 0 2

Again m = pmR2L

I = —
Problem No 4: Determination of mass moment of inertia of a cylinder of mass m (having radius r and
length L) about its centroidal axis xc and yc axes.
Solution: Consider an elemenatal mass dm = pmrdz
Moment of inertia of the elemental mass about its own centroidal axis (parallel to y¢ axis)
= (pnrt/4)dz
M 1 of the elemental mass about its y¢ axis (using parallel axis theorem) = (pnrt/4)dz +
(prtradz)z2

M 1 of the whole cylinder about its y axis = [ L/2 {(pnrt/4)dz + (prr2dz)z?} =m (2 + 12)
C ~L/2 4 12

Figure 3.37
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Assignment:

Problem No 1: Determine the moment of inertia of the T section about the horizontal and vertical axes,

passing through the centroid of the section.

G F
2o

Figure 3.38

Problem No 2: Determine the moment of inertia of the | section about the horizontal and vertical axes,

passing through the centroid of the section.
p— 50—+ L

T
Figure 3.39

Problem No3: Determine the moment of inertia of the semicircular area about the centriodal axes xo and

about an axis x parallel to x" at a distance 15mm from x" axis.

/( c _
20mm®—F %
/ i T \

| o

— ———X

Figure 3.40

Problem No 4: Determine the moment of inertia of the square section about the diagonal (x'axis)

,,,,,,,,,
’

Figure 3.41
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MCQ Type Questions:

1.

10.

The polar moment of inertia is mathematically expressed by (a) 1zz = Ixx vy (b) lzz = Ixx /lvy
(©) 1zz = Ixx - Ivyy (d) 1zz = Ixx + vy

The moment of inertia of a rectangular area of base b, height h about base is given by (a) bh%12
(b) bh®/36 (c) bh®4 (d) bh*/3

The moment of inertia of a triangular area of base b and height h about base is (a) bh%/12 (b)
bh3/36 (c) bh®4 (d) bh*/3

The moment of inertia of a triangle with respect to centroidal axis parallel to the base is (a)
bh3/12 (b) bh®/36 (c) bh%4 (d) bh%3

The moment of inertia of a semicircular area of radius r about centroidal x-x axis is (a) 0.22r° (b)
0.11r3(c) 0.11r* (d) 0.15r*

The moment of inertia of a rectangular area of base b, height h about a centroidal axis parallel to
its base is given by (a) bh/12 (b) bh®36 (c) bh®/4 (d) bh®/3

The moment of inertia of a quadrant circle of radius r about centroidal x-x axis is (a) 0.055r* (b)
0.11r* (c) 0.044r* (d) r*

The moment of inertia of an ellipse of major axis a and minor axis b about its major axis is (a)

@ b)Y (©) b
4 4 3

ra’b? na
(d)
4

The mass moment of inertia of sphere of radius r and mass M is (a) 2M'/5 (b) M™/2 (c) 4M"/5
(d) none of these

The moment of inertia of a square lamina of side a about its diagonal (a) a%/12 (b) a*/16 (c) a%12
(d) a*/24
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Lecture 23

Virtual work:

Consider a particle is in static equilibrium under the action of external forces acting on it. Any assumed
and arbitrary small displacement dr away from this natural equilibrium position and consistent with the
geometrical configuration of the system is called a virtual displacement. The term virtual is to indicate
that the displacement does not exist in reality but only in an assumption so that we can compare various
possible equilibrium configuration of the system.

If any force F acts on a particle and a virtual displacement of dr is assumed to be given on the particle
then virtual work done by the force F is dU = F.dr =F dr cosa

Where « is the angle between force (F) and virtual displacement (dr).

Figure 3.42

Principle of virtual work:
The virtual work done by external forces on an ideal mechanical system in equilibrium will be equal to

zero.
Mathematically, S, g
5 // :3
dU =0 B2
1d 14 4
\(\\\ I/‘/y
Figure 3.43
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Examples:
Problem No 1: Using the principle of virtual work find the magnitude of force P in terms of a, b, and W

required for the equilibrium of the bell crank ABC. The pin at B is frictionless. Neglect the weight of the
bell crank. C w

A

1 -
P da

Figure 3.44

Solution: Let a virtual angular displacement of 686 is given to the system as shown in figure below.
Virtual displacements:

8rc = b66, 514 = abh cinm W
Virtual work U = 0, Péra— Wérc=0
Or, Padé8 — Wbé6 = 0

Figure 3.45
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Problem No 2: The thin rod of weight W rest against the smooth wall and floor. Determine the

magnitude of force P needed to hold it in equilibrium for a given angle 8

Figure 3.46

Solution: let a virtual angular displacement of 66 is given o the rod
from its equilibrium position

Virtual displacements:

l
Syc+yx = Esin(@ + 46)

166cosb
2

Similarly, 6Xa + Xa = lcos (0 + 66)

6yc=

0X4 = —160sin0 (as 6 increase, X4 decrease)

Now applying principle of virtual work we can write, U = 0
P&6Xa—Wéyc =0, Pl66sing — W LZSBCOSH =0

or,P = L Wcot6
2
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Problem No 3: Determine the magnitude of the couple M required to maintain the equilibrium of the

mechanism.

Lecture 25

Figure 3.48

R21 B.TECH. EE

Solution: let a virtual displacement of §Xp is given at point D of the mechanism

Applying principle of virtual work
Xp = 3lcosb
6Xp = —3lsinB466
Again, U = 0 = M66 — P6Xp =0
Or, M66 — 3Plsin866 = 0

Or, M = 3PlIlsin@
MCQ type questions

1. The virtual work principle can be best suited in

(a) Rigid body (b) Connected several rigid bodies

(c) Particle  (d) None of these

Figure 3.49

The virtual work concept is very useful in solving problems related to
(a) Static (b) Dynamics (c) Equilibrium (d) none of these

Assignment:

Problem No 1: A frictionless double-inclined plane with angle o 1 and o> as shown in figure below

carries a set of sliding weights W1 and W> connected with an inextensible string and passing over a

frictionless pulley. By using the principle of virtual work obtain the relationship between a 1 and o in

terms of W1 and W and hence determine a2 , if o 1 =30° and W1=2W..

Figure 3.50
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Problem No 2: Using principle virtual work find the value of the angle 8 defining the configuration of

equilibrium of the system shown in figure below The ball D and E can slide freely along the bars AC and
BC, but the string DE connecting the balls is inextensible.

Figure 3.51

Problem No 3: Determine the expression for 8 and for the tension in the spring which correspond to the

equilibrium position of the spring. The unstretched length of the spring is h and the spring constant is k.
neglect the weight of the mechanism.

e S ¥
1 </
"/
B
| A
“*
e 30 1
. \' !_.-""
Figure 3.52
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Dynamics

Lecture — 26
Topic: Introduction to Dynamics
Dynamics is that branch of mechanics which deals with the motion of bodies under the action of the
forces. Dynamics has two distinct parts: kinematics, which is the study of motion without reference to the
forces which cause motion, and kinetics, which relates the action of forces on bodies to their resulting
motions.
The beginning of a rational understanding of dynamics is credited to Galileo (1564-1642), who made
careful observations concerning bodies in free fall, motion on an inclined plane, and motion of the
pendulum.
Sir Isaac Newton (1642-1727), was guided by Galileo’s work, was able to make an accurate formulation
of the laws of motion and, hence, to place dynamics on a sound basis. He stated the three laws of motion
for governing the motion of a particle. In addition to this he was the first to correctly formulate the law of
universal gravitation. Following Newton’s time, important contributions to mechanics were made by
Euler, D’Alembert, Lagrange, Laplace, Poinsot, Coriolis, Einstein, and others.

Space: Space is the geometric region occupied by bodies.

Position: Position in space is determined relative to some geometric reference system by means of linear
and angular measurements.

Frame of reference: The basic frame of reference for the laws of Newtonian mechanics is the primary
inertial system or astronomical frame of reference, which is an imaginary set of rectangular axes assumed
to have no translation or rotation in space with respect to the surface of the earth.

Time: Time is a measure of the succession of events and is considered an absolute quantity in Newtonian
mechanics.

Mass: Mass is the quantitative measure of the inertia or resistance to change in motion of a body and also
it can be defined as the property that gives rise to gravitational attraction.

Eorce: A force is any interaction that, when unopposed, will change the motion of an object.

Particle: A particle is a body of negligible dimensions.

Rigid body: A rigid body is a body whose changes in shape are negligible compared with the overall
dimensions of the body or with the changes in the position of the body as a whole.

Newton’s laws:

First law: A particle remains at rest or continues to move in straight line with a constant velocity if there
is no unbalanced force acting on it.

Second law: The acceleration of a particle is proportional to the resultant force acting on it and is in the
direction of this force.

Third law: The forces of action and reaction between interacting bodies are equal in magnitude, opposite
in direction, and collinear.

These laws have been verified by countless physical measurements. The first two laws hold for
measurements made in an absolute frame of reference, but are subject to some correction when the
motion is measured relative to a reference system having acceleration, such as one attached to the earth’s
surface.

Kinematics: The relation among displacement (X(t)), velocity ( )(t)) and acceleration ()(t)),

dx(t) ; d(t)
X= gt an X= qt2
These are without reference to applied force.

Velocity is defined as the rate of change of displacement with respect to time. Velocity may be a constant
quantity for a particle and again it may be a variable also. SI unit of velocity is m/s.

Acceleration is defined as the rate of change of velocity with respect to time. Acceleration also, like
velocity, may be a constant as well as a variable. Sl unit of acceleration is m/s?.
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Kinetics: the relation between force ( F(t)) and acceleration ()(t)),
>(F +F )=mx where F is applied force and F is reaction force.
a r a

r

,  Uni | o
Newton's law of universal gravitation states that a particle attracts every other particle in the universe
using a force that is directly proportional to the product of their masses and inversely proportional to the
square of the distance between them.

F=gMm

2

r
Where:

F is the force between the masses;

G is the gravitational constant (6.674x107'! N - (m/kg) ?);
mq is the first mass;

m; is the second mass;

r is the distance between the centers of the masses.
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Lecture - 27

Topic: Kinematics of Particles
Rectangular Coordinates *( )
o . I x,ey,
Cylindrical Coordinates rg' Y

Spherical Coordinates r-R,9,¢)

To analyze the kinematics of particles a reference frame is required. The chosen reference frame may be
rectangular Cartesian coordinates, cylindrical coordinates, spherical coordinates or any other. The choice
depends upon the requirement. In most of the cases, rectangular Cartesian coordinate system is used and
also this coordinate system is very easy to use. And if the problem becomes 2-D, then the solution
becomes simpler.

nstruction of s-t, v-t and a-t araph

S2 t

j ds = r[vdt

\ t,

jdv:l[adt ;

V.

ax = [t = [ Toott e
I J ftf

Lk

b

t — f—at t,

For the integrals to be performed the velocity, acceleration etc. should be known as a function of time and
if they are constant quantities the integration becomes straightforward. For the construction of the graphs
of s-t, v-t and a-t the displacement, velocity and acceleration should be known as a function of time.
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Lecture — 28

Velocity and Acceleration Vector

Path of
particle f 3 : .
/ . a3 —3 \'3 ay = v?
, : J , 2
Path —- N
i /

V3

0

Hodograph: A curve the radius vector of which represents in magnitude and direction the velocity of a
moving object.

-

r= d—r=\7 FZEE 3
odt dt
Rectangular Coordinates
r=xi+yj+zk Path
r=x+y + % Iy A .
~ 2 ~ I A |V S
r=X-+y+x | ! :\
iT / | ! \
X—\ ||_)T—| ||_Xﬂ _____ Piax A
r=y r="y r='y ;
| . || L

z| 2] [ L

Xi i

Rectilinear Motion of a Particle:

The well known equations for rectilinear motion are

(@) v=u+at
(b) s:ut+£at2
2

(c) v2 =u? + 2as, where

u is initial velocity
v is final velocity
a is acceleration
tistime

s is displacement

Page 74 of 90



R21 B.TECH. EE
Example: 1
A particle is moving with constant acceleration a. It covers initial distance of 16 m in 10 seconds. What
time it will take to cover entire distance of 400m? What will be its final velocity? Assume that the particle
has started from rest.

Solutlion: ) 216
s==at2 > a=2= =22 _032m/s?
2 t2  10°

Again s=latz o= Ié = Iw -
2 a 0.32

For final velocity, V =at =0.32x50=16m/s

Example: 2
The acceleration of a particle at any point A is expressed by the relationa = 200>(1+ kxz), where a and x

are in m/s* and meters respectively and k is a constant. If the velocity of the particle at A is y =2.5m /s
when x=0 and v, =5m/swhen x=0.15 m, find the value of k.

Solution:
Given a = 200x(1+ kx? )
‘3" = 200x(1+ ke ) = D& d d _ 200x(1+ k2 ) = v LY "~ * — 200x(1+ ki?)

valv = 200x( 1+ ko? )dx = [vdv = [200x(1+ k® )dx
V2 200%2 | 200k¢
= + + ™1

2 2 Z

2
"G =% =3.125 [-whenx =0;v, = 2.5m/s]
2 2 4
Again % _ 200 ><20.15 . 200k 2 015" .. .¢

Solving, we get 281m—2

Example: 3

The vertical acceleration of a certain solid-fuel rocket is given by a = ke™ — cv — g, where k, b, c are
constants, v is the vertical component of velocity acquired, and g is the acceleration due to gravity that
remains approximately constant over the trajectory of an atmospheric flight. The exponential term
represents the effect of a decaying thrust as fuel is burned, and the term —cv approximates the retardation
due to atmospheric resistance. Determine v as a function of t.

Solution:

Given a=ke™®™ —cv—g

= d_v =ke™-cv-g= d_v+ cv=ke? - g = e dl+ cve® = kee ™ — ge®t
dt dt dt

i(ve°t)= ke — ge® = [d (ve* )= J‘[ke(H’)t — ge® Jot

dt

ke(c—b )t g ect

(c-b)

=vet = + Awhere A is a constant of integration.

Now, using the given initial condition, we can write
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gk
A= ¢ (c-b
SV = % (e—Ct —1)+ K (e‘bt —e‘C‘)

(c-b)

[-v=0att=0]

Problems:

(1) A ball is projected upwards with a velocity of 24 m/s. Two seconds later, a second ball is vertically
projected upwards with a velocity of 18 m/s. At what point above the surface of earth will they meet?

(2) A body in rectilinear motion is found to travel 15 m in 5" second and 25 m in the 10" second. What
distance will it travel in 15 seconds from the starting point if its acceleration is constant throughout?

(3) Water drips from a faucet at a uniform rate of n drops per second. Find the distance x between any two
adjacent drops as a function of the time t that the trailing drop has been in motion.

(4) A train accelerates from rest with constant acceleration of aito acquire a maximum velocity of v
and immediately starts decelerating with constant deceleration of a;so as to come to rest. If the total

. - alaz
duration of the travel is T, prove thatv =~ = T.
™ a +a,
(5) The position of a particle describing rectilinear motion can be described by x =t* —9t? +15t +18, x
is expressed in meter and t is in second. Determine the time, displacement, and acceleration of the particle
when its velocity is zero.

Multiple Choice Questions:

(1) Accelerationis a

(i) scalar (ii) vector (iii) tensor (iv) none of these

(2) The Sl unit of time rate of change of acceleration is

(i) m/s (i) m/s? (iii) m/s® (iv) kg/m?®

(3) A particle starts from rest and moves along a straight line with constant acceleration. The particle
attains a velocity of 10 m/s after a distance of 25 m, the acceleration is

(i) 2.50 m/s (ii) 2.25 m/s (iii) 2.00 m/s (iv) 1.75 m/s

. N . 1 .

(4) The velocity of a particle is described as x= _at’>wherea=10m/s?. The displacement of the
2

particle when t=5 s is

(i) 208.33 m (ii) 108.57 m (iii) 236.74 m (iv) 182.83 m

(5) A particle has straight line motion according to the equation x = t* — 3t> =5, where x is in meter and t

is in second. The change in position of the particle is when its velocity changes from 8 m/s to 40 m/s

(i) 46.1 m (ii) 43.7 m (iii) 45.8 m (iv) 41.6 m
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Lecture — 29

Topic: Plane Curvilinear Motion of Particles

So far we have considered motion of particles along a straight line. But there are situations where the
particles move in curved path. This happens only when the direction of initial velocity and direction of
force are different. If the curved path lies in a plane, the resulting motion is called the plane curvilinear
motion.

Rectangular Components of Velocity: Let O be the angle made by the direction of the velocity u with the
horizontal. Then the horizontal component and vertical component of velocity are ucos® and usin® . If
R is the range (horizontal distance travelled by the particle) and if t is the time taken by the particle to
move through a distance of R, then R =uco0s0 xt =utcosO . The vertical displacement becomes 0 when

. . 1 .
the particle reaches the range R. So by using the formulas=ut+ _at?, we can write
2

2usin®

g
vertical displacement is zero for two times. When the particle reaches to the maximum height, the vertical
component of velocity becomes 0. Therefore, by using the formulav? = u? + 2as, we can write
2 cin
u®sin“ 0

29

1
0=usinO xt — Egtz_ Therefore, t=0, . The reason for two numbers of answers is that

0? =(usin® )’ —2gh,, =, =
Rectanqular Components of Viotion
As the direction of the velocity of a particle in curvilinear motion changes continuously, so it is

convenient to deal with its components v, and v, along x and y axes respectively.

As the particle moves, the position vector r changes and so also the velocity v changes.
Since  r=xi+Yyj

- dr dx. dy. ~ =«
SV=__=r=_1+ _J=X+Y
dt dt dt
Similarly the acceleration acan be expressed as following.
- dv d&%. d§.
dt dt2  dt?
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Topic: Normal and Tangential Components

ar = "
E=V_|v|et_vet

p: radius of curvature

b)

R21 B.TECH. EE

Time Derivative of the Unit Vectors in Polar (Cylindrical) Coordinates (2D)

de, de, =—e
o ° do r
d do d
_ de, _dode _

r o4t dtdo  °

 dt dt do '

e =% _dode, —6
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Lecture - 31

Example: 1 L
A particle moves along the path y =_x*with a constant velocity of 8 m/s. What are the x and y
3

components of the velocity when x=3? What is the corresponding acceleration? Note that x and y are
expressed in metres.

Example: 2
A particle moves with constant speed v along a parabolic path y = kx?, where k is a constant. Find the
maximum acceleration of the particle.

Example: 3
A car is moving along a curved path with 150 m radius with a uniform velocity of 90 km/hr. Find the
normal and tangential acceleration of the car.

Problems:

(1) The coefficient of friction between the road and the wheels of a car is found to be 0.2. At what
constant velocity should the car move so as to avoid skidding, if the radius of the curve is 240 m. Assume
that the road is leveled.

(2) The equations of motion of a particle undergoing curvilinear motion can be described by x = 2t? + 8t
and y = 4.9t where x and y are expressed in metres and t is in seconds. Determine the velocity and
acceleration at the end of 4 seconds.

(3) A motorist is moving along a curved path with a 300 metre radius at a speed of 72 km/hr. He suddenly
applies brake that causes its speed to decrease to 40 km/hr at a constant rate in 10 seconds. Calculate the
tangential and normal components of acceleration immediately after the application of brake and 6
seconds after that.

(4) A car starts from rest on a curved road of 250 m radius and accelerates at a constant tangential
acceleration of 0.6 m/s?. Determine the distance and the time for which the car should travel before the
magnitude of the total acceleration attained by the car becomes 0.75 m/s?.

Multiple Choice Questions

(1) The tangential com(fonent of acceleration ofza particle in a curvilinear motion is defined by
dv X dy Vv
(@ a=— (b) a=—() a=—(d) a=—
T Cdt 0 dt . p

(2) The maximum velocity of a car following a circular motion of radius r and having coefficient of
friction as . to avoid skidding is

1
(@) nor (0) -9 © ugr (©) %,rtgr

(3) The normal component of acceleration of a particle in a curvilinear motion is defined by

@a-"wa-"ga-Y@a-L
a an:_ an:_ Cc an:— an:—
dt dt dt

p
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Cylindrical Coordinates (3D)

=re" +2¢

hd AT A LA A
=B +ré +8 +726
r r r 2
=e +r@e +28
7 X A0

~r +e + +r@ +re +2

0 0 0

r r

z

z

= (r— rez)e .+ (r6‘+ 219)ee + &,

Spherical Coordinates

r=Re, X -
r=Re,+Re
o=0 +(&g

ze(sinzcbe —cosde )+¢e
s 0

r

=6singe +de, —Ocosoe,

e=0x€é
=0+ (g, +0Ocosde, . ™.
Cr= Re, + RO cosde, + Roe,

Velocity and Acceleration in Spherical Coordinates

-

r= =ve +ve +ve
v R R 6 6 o ¢ P

VR:R 0 R

v, = ROcos¢

% =R

r=a=age; +a,€ +a,,
_ 12 2 2
a =R-R¢" —RO"cos”¢

a :M(Rze)—ZRej)sind) -8’

0 R dt - .,
a -1 (RZ(I'))+ RO2sin¢ cos )
" Rt
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Module V
Lecture - 32

Topic: Kinetics of Particles

First law: A particle remains at rest or continues to move in straight line with a constant velocity if there
is no unbalanced force acting on it.

Second law: The acceleration of a particle is proportional to the resultant force acting on it and is in the

direction of this force. .
Tpe mathematical form of Newton’s second law of motion:

F = ma where F is the force causing motion, m is the mass of the particle and ais the resulting
acceleration.

[hird law: The forces of action and reaction between interacting bodies are equal in magnitude, opposite
in direction, and collinear.

These laws have been verified by countless physical measurements. The first two laws hold for
measurements made in an absolute frame of reference, but are subject to some correction when the
motion is measured relative to a reference system having acceleration, such as one attached to the earth’s
surface.

Examples:
(1) A 75-kg man stands on a spring scale in an elevator. The tension T in the hoisting cable is 8300

N.Find the reading R of the scale in Newton and the velocity v of the elevator after 3 seconds. The total
mass of the elevator, man, and scale is 750kg.

>F,=ma, j y
=T —mg =y JT=s300N
= 83007360 = 750a, i i

= ay:1.257m/s2

y
|
|
’i'“."
W]
ZFy: ma, W/75(9.81) =736 N
=R-m,g=m,y

L
= R-736=75(1.257) | I | 1
R

=R =830N 750(9.81) = 7360 N

AV = fadt
3

—v-0= 1[1.257dt

=v=3.77m/s
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(2) The 250-Ib concrete block A is released from rest in the position shown and pulls the 400-Ib
log up the 30° ramp. If the coefficient of kinetic friction between the log and the ramp is 0.5,
determine the velocity of the block as it hits the ground at B.

X
4001b A8 |
»:'> ,,[ﬂ “" N
N — mg Cos0 = my = 0 0 :—B, y(//rﬂ
=—-uN+T - mlg sind = mlxl o %
= —M,J +T = m,Y \4)\ ) |
= 2X1 + Y2 = constant " % ]
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(3) The steel ball is suspended from the accelerating frame by the two cords A and B.
Determine the acceleration of the frame which will cause the tension in A to be twice that
in B.

3030
ZFX =ma, B : 4 2B
= 2Bsin30° — Bsin30' = mx i
ZFV =0 1
2Bcos30 + Bcos30' —mg = my=0 by, B

. g
El teBandget x=a=
iminate B and get X 33

Let p =mass/length
F = uN = pgp(L-b)
XTo - pgp(L ~b)

plL
Solve to obtain: b= ——[-T, = pgb]
1+p
> F=ma
T —ugp(L-x)=p(L-x)a
pogx—T = pxa

Eliminate B to obtain:
a=x=9[x(L+p)-pL]
L

vdv = xdx

R YIS

Ivdv:_[ L Xt - Ldx

1 al¥ u)lu1

= V= '—L?“ - ijb

Substitute b and simplify:
V= |9_L

1+
Another approach:
pxg — p(L—x)gu = pLx
xg —pg(L - x)=Lx
X= gE(X(1+ M)—uL)

1
X— g(—:H)X= Hg
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x=eM A2 -a’=0a= \IEEI

plL

X=Ce* +ce™ +
1+

(4) A small vehicle enters the top A of the circular path with a horizontal velocity v,and

gathers speed as it moves down the path. Determine an expression for the angle £ which locates
the point where the vehicle leaves the path and becomes a projectile. Evaluate your expression

for vo = 0. Neglect friction.

>R =ma =mgsind=ma, =a, =gsind Y
v 0

vdv=|a,ds |vdv=|gsinO(RdO
Judv=[ayds [vv=[qgsind (Rd6 )
vZ =2 + 2gR(1- cos0 )

2
D> F. =ma, -mgcosd + N :—%

mv?

N =mgcos9 —?‘)— 2mg(1- cos )
( V)
=mgl3cos0 —2— ° |
\ 9R)
\62
When N =0, SO 3cos 3 :2+ﬁ

2
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Lecture -33

Work. Power and Energy

Work can be defined as transfer of energy. In physics we say that work is done on an object when you
transfer energy to that object. If one object transfers energy to a second object, then the first object does
work on the second object.

Work is the application of a force over a distance. Lifting a weight from the ground and putting it on a

shelf is a good example of work. The force is equal to the weight of the object, and the distance is equal to
the height of the shelf (dU = F.dr ).

Work-Energy Principle --The change in the kinetic energy of an object is equal to the net work done on
the object.

Energy can be defined as the capacity of doing work. The simplest case of mechanical work is when an
object is standing still and we force it to move. The energy of a moving object is called kinetic energy.
For an object of mass m, moving with velocity of magnitude v, this energy can be calculated from the

1 . . i .
formula E =~ mv?. Energy is a scalar quantity and SI unit of energy is joule (J).
2

Potential energy is the stored energy of an object. It is the energy by virtue of an object's position relative
to other objects. Potential energy is often associated with restoring forces such as a spring or the force
of gravity. The action of stretching the spring or lifting the mass is performed by an external force that
works against the force field of the potential. This work is stored in the force field, which is said to be
stored as potential energy. If the external force is removed the force field acts on the body to perform the
work as it moves the body back to the initial position, reducing the stretch of the spring or causing a body
to fall.

Power is defined as the time rate of doing work. Power is a scalar quantity and Sl unit of power is watt

(W). 2
() |2 :
U, :lF.dr :jl —mgj . dxi +dyj 2 : U= [Fdr
¢ .
= [mi”di

1
=—mi'F
=

]
——mg [ Ay =-mg(y; -Y,)
Y1

U =Fdr="_T¢ ¢ dre
“dr
=-Gmm| 7

Page 85 of 90


https://en.wikipedia.org/wiki/Force
https://en.wikipedia.org/wiki/Spring_(device)
https://en.wikipedia.org/wiki/Gravity

R21 B.TECH. EE
Lecture —34
Example: 1

A block of weight W is thrown with an initial velocity of vo along a rough horizontal plane and is brought

to rest by friction in a distance x. Determine the coefficient of friction.
Solution:
Let the coefficient of friction between the block and the floor be p .

Thus the work done by the frictional force is U = Fx = uNx = umgx

o 1 1
Change in kinetic energy (K.E.)=_mv%—-0=_mv%

2 2
Since the work done is equal to the change in K.E., it therefore follows that
1 2 v
mgx= MV —p=_-2
umg 5 0 H 20X

Example: 2

A particle of mass m moves linearly along x axis under the action of force F=kx, where k is a constant.
Find the velocity v as a function of displacement x if the initial conditions of motion are

X, =0and % =V,.

Solution:

F=kx=mx=m dl:> mdv = kxdt = kxi= kxﬁ: mvdv = kxdx
dt dx v

dt
\ X
vadv:kT[XdX:W: M2+ k@ Im
Lecture —35
D’Alembert’s Principle:

From Newon’s second law of motion we know that F =ma. This can be written as F—-ma=0

— F+(—ma). The force (— ma)is called inertia force. Therefore, vector summation of applied force

and inertia force is zero. This is called D’ Alembert’s principle. The basic philosophy behind this is that
the problem of dynamic equlibrium is equivalently converted the problem of static equlibrium.
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Principle of Conservation of Energy:

The energy can neither be created nor be destroyed. This is the principle of conservation of energy. That
means total energy of a system remains constant.

Power:
Power is defined as time rate of doing work.

fici .
Efficiency is defined as the ratio of output energy and input energy.

Example: 1

A train of mass 100 ton is moving uniformly along an incline of 1 in 200 having frictional resistance as
6N/KN. If the power produced by the engine is 120000 W, find the speed of the train.

Solution:

- _ 6x100x1000x9.81
Frictional resistance = N =5886 N

1000

For the inclined plane, tan@ = L ~ sind
200

In the absence of any acceleration, force balance along the incline gives
> F=0=Wsind + F,=F;

~.F; =100 %1000 x 9.81x ﬁ+ 5886 N =10791 N
120000

Again, P=Fv=v=P =""""=1112m/s
F, 10791
Lecture —
Exercise

(2) A particle is projected to move along a parabola y? = 4x. At a certain instant, when passing through

a point P(4,4), its speed is 5 m/s and the rate of increase of its speed is 3m/s? along the path. Express the
velocity and acceleration in terms of rectangular coordinates.

(4) An aircraft moving horizontally at 400 km/hr accidentally loses a rivet when it is at a height of 1800
m from a point A on the ground level. Determine the location of point B with respect to A where the rivet
will land.

(5) A shell is fired horizontally from cliff 45 m above the sea level with an initial velocity of 300 m/s to
hit a target at sea level. Determine (a) the time taken by the shell to hit the target, (b) the horizontal
distance of cliff from the target, and (c) the velocity with which the shell strikes the target.

(6) A body of mass M moves in outer space with velocity V. The body breaks into two parts so that mass
of one part is 1/10 th of the total mass. After explosion, the heavier part comes to rest while the lighter
part continues to move along the original direction of motion. Determine the velocity of smaller part in
terms of velocity V.
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(7) A pile driving hammer of mass 250 kg falls 3 m from rest on a pile of mass 1200 kg. There is no
rebound and the pile is driven 20 cm into the ground. Make calculations for the common velocity after
impact and the average resistance offered by the ground.

(8) A spring of unstretched length 100 mm extends to a length of 125 mm when a load is applied to it.
When the load is removed, the spring has to do 2 J of work in returning to its original position.

(9) A particle is projected at an angle such that the horizontal range is three times the maximum height
attained. Find the angle of projection.

(10) Two seconds after projection, a projectile is moving at 30 above the horizontal. After one more
second, it is moving horizontally. Find the magnitude and direction of its velocity.

(11) A small particle P starts from point O with a negligible speed and increases its speed to a value

V= /2gpere y is the vertical drop from O. When x=15 m, determine the n-component of
acceleration of the particle.

0 Horizontal

—— y=0.008X :x
-

(12) The mine skip is being hauled to the surface over the curved track by the cable wound around the
750-mm drum which turns at the constant clockwise speed of 120 rpm. The shape of the track is designed

2
hat ¥ =% / , where x and y are in meters. Calculate the magnitude of the total acceleration of the
so that 16

skip as it reaches a level of 1 m below the top. Ne%lect the dimensions compared with those of the path.

A
| \dx) | |

Recall that the radius of curvature is given by p =

(13) The speed of a car increases uniformly with time from 50 km/h at A to 100 km/h at B during 10
seconds. The radius of curvature of the hump at A is 40 m. If the magnitude of the total acceleration of

the car’s mass center is the same at B as at A, compute the radius of curvature p, of the dip in the road at
A. The mass center of the car is 0.6 m from the road.
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(14) The particle P moves along the space curve and has a velocity v = 4 — 2] —K m/sfor the instant
shown. At the same instant the particle has an acceleration a whose magnitude is 8 m / s? . Calculate the

radius of curvature p of the path for this position and the rate vat which the magnitude of the velocity is
increasing.

(15) A projectile is launched from point O with an initial speed vo =150 m/s directed as shown in the

figure. Compute the x-, y-, and z-components of position, velocity, and acceleration 20 seconds after
launch. Neglect aerodynamic drag.

(16) An aircraft takes off at A and climbs at a steady angle with slope of 1 to 2 in the vertical y-z plane at
a constant speed v = 400km/ h . The aircraft is tracked by radar at O. For the position B, determine the

value of R6,and ¢.
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(17) A mountain climber has a mass of 80 kg. Determine his loss of absolute weight in going from the

foot of Mount Everest at an altitude of 8848 m. Mount Everest has latitude of 28 N , and the mean radius
of the earth is 6371 km.

(18) The displacement of a particle which moves along s-axis is given by s = (— 2+ 3t)e‘°'5t , Where s is

in meters and t is in seconds. Plot the displacement, velocity, and acceleration versus time for the first 20
seconds of motion. Determine the time at which the acceleration is zero.

(19) A rocket is fired vertically up from rest. If it is designed to maintain a constant upward acceleration
of 1.5g, calculate the time t required for it to reach an altitude of 30 km and its velocity at that position.

(20) A ball is thrown vertically up with a velocity of 30 m/s at the edge of a 60 m cliff. Calculate the
height h to which the ball rises and the total time t after release for the ball to reach the bottom of the cliff.
Neglect air resistance and take the downward acceleration to be 9.81m/s?.

Vv

R

5 1
i

i

i

i

|

i

T |
"l

300
m
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